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I. SIMPLIFIED MODELS OF THE ANNULAR
 
SUSPENSION AND POINTING SYSTEM (ASPS)
 
1.1 Introduction Il
 
The Annular Suspension and Pointing System (ASPS) is a payload auxiliary
 
pointing device of the Space Shuttle. The ASPS is-comprised of two major
 
subassemblies, a vernier and a coarse pointing subsystem.
 
The experiment is attached to a mounting plate/rim combination which is
 
suspended on magnetic bearing/actuators (MBA's) strategically located about the
 
rim. Fine pointing is achieved by "gimballing" the plate/rim within the MBA gaps.
 
Control about the experiment line-of-sight is obtained through the use of a non­
contacting-rim drive and positioning torquer. All sensors used to close the servo
 
loops on the vernier system are noncontacting elements. Therefore, the experiment
 
is a free-flyer constrained only by the magnetic forces generated by the control
 
loops.
 
The configuration of the ASPS is shown in Fig. 1-I. The payload/plate/rim
 
combination is mounted on a set of coarse gimbals; an elevation and a lateral
 
coarse gimbal, which provide the slewing and coarse pointing capability of the
 
system. The pointing system concept is unique in that the vernier and coarse
 
pointing subsystem are separate entities. This approach allows for sub-arcsecond
 
pointing of the payload at any coarse gimbal position.
 
The three functions provided by the ASPS are: (1) pointing the payload,
 
(2) centering the payload in the magnetic actuator assembly, and (3) tracking
 
the payload mounting plate and shuttle motions by the coarse gimbals. Rate and
 
position errors sensed by gyros and celestial sensors located on the payload are
 
processed by a controller which subsecuently commands appropriate actuator force
 
to point the payload. Proximeter sensors associated with the actuator clusters
 
detect the payload translation errors which are subsequently processed by the
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Fiqure 1-i. ASPS configuration.
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Figure 1-2. Payload and magnetic actuator assembly.
 
controller and used to ascertain the appropriate centering forces.
 
Figure 1-2 shows the payload and its mounting surface which is controlled
 
by the magnetic actuator assembly (MAA). The cables shown are for the purpose
 
of connecting electric power from the shuttle to the payload and the MAA on the
 
pallet.
 
1.2 	 The Planar Model of the ASPS [21
 
In this section the equations of motion of a simplified planar model of the
 
ASPS are derived.
 
The small-angle, small-displacement model shown in Fig. 1-3 is planar with
 
four degrees of freedom and is composed of a mount, a gimbal assembly (elevation),
 
a pallet with magnetic actuators, and a payload. The pallet has one rotational
 
degree of freedom relative to the mount, and the payload has two translational
 
and one rotational degrees of freedom relative to the pallet.
 
Let the four degrees of freedom be
 
I = attitude degree of freedom of the pallet relative to the mount
 
2 = attitude degree of freedom of the payload relative to the pallet 
x, = translation degree of freedom of the payload relative to the pallet 
zI = translation degree of freedom of the payload relative to the pallet 
The following coordinates are defined: 
(xoZ) = inertial axes 
(xG,ZG) = inertial axes rotated through an angle of M relative to the 
(xoZ 0 ) axes, (4Mis defined as the gimbal angle). 
(xmzm) = axes fixed at the pallet center of gravity (CG) 
(x1,zI) = static axes of the payload 
(xi,zi) = axes fixed at the payload center of gravity (CG) 
(x.,z.) = axes fixed at the center of the base of the payload. 
zo 
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Figure 1-3. Planar ASPS model.
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The following system parameters are defined:
 
M. = mass of the payload = 600 Kg
 
M = mass of the pallet = 82 Kg
m 
its mass center ='3.1 Kg-m 2
 J = inertia of the pallet about 
m 
= 503 Kg-rn2
 J. = inertia of the payload about its mass center 

L = radius of the payload = 0.406 m
 
La = distance from the gimbal to the pallet CG = 0.2064 m
 
Lb = distance from the pallet center to the payload CG = 1.486 m
 
ra = distance from the gimbal assembly to the pallet center = 0.47 m
 
rb = distance from the gimbal assembly to the payload CG = 1.956 m
 
r0 = distance from the mount base to the gimbal assembly = 0.75 m
 
Since the payload is suspended with respect to the pallet, there are many
 
ways of fixing its coordinates for the motion of rotation. In other words, the
 
angle 2 can be defined in a number of ways. Figure 1-4 illustrates the small­
angle rotation of the pallet and the payload with 2 measured as the angle between
 
the coordinate axes of (x1 ,zI) and (xj,z.). This configuration is defined as
 
Model I of the ASPS. Figure 1-5 illustrates the model of the ASPS with 2
 
measured at the CG of the payload; i.e., between the axes of (xlzI) and (x1 ,z1 ).
 
The following coordinate transformations are identified:
 
Transformation from the static pallet axes to the mount axes:
 
T= [cosOM -sinOm7
 
m
TG sin coMj (1-I)
 
Transformation from the dynamic pallet axes to the static pallet axis:
 
T = s, 4s (1-2)L sinO1 cosfi A L 
Z 
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Figure 1-4. Planar ASPS Model 1. 
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Figure 1-5. Planar ASPS Model 2.
 
Transformation from the dynamic payload axes to the dynamic pallet axes:
 
T2 coss2] (3)
 
2 5n c IIL
 
The force vectors applied to the payload by the magnetic actuator assembly
 
are defined as:
 
F1 = = magnetic force applied at the positive xm displacement (1-4)
 
I =F2 = magnetic force applied at the negative xm displacement (1-5)
 
1f2
 
The forces F and F2 are illustrated as shown in Fig. 1-5.
 
The torque applied by the gimbal assembly is designated as Tc, as shown in
 
Fig. -5.
 
The following vector distances are defined for the pallet and the payload'.
 
R= vector distance from the gimbal assembly to the payload point of
 
application of F1
 
R2 = vector distance from the gimbal assembly to the payload point of
 
application of F2
 
R3 = vector distance from the gimbal assembly to the pallet point of
 
application of FI
 
R4 vector distance from the gimbal assembly to the pallet point of
= 

application of F2.
 
Equations of Motion of Model I
 
Using the degrees of freedom defined in the preceding sections, the kinetic
 
energy of the system in Fig. 1-4 is
 
- , -R- +?Jmll + ($ + 2 (1-6)

T = K.E. = MmRm + 2:i ii + 1 + (­
where the primes denote the transpose of a matrix, and
 
9 
m 0(1-7) 
[ + -Lbj-r b 
L. 0 	 (1-8) 
Substitution of Eqs. (1-7) and (1-8) into Eq. (1-6) gives
 
+2"2 + l i"2 x I r~ l )2 + 1 "$2 +17 ($1 )2 
T= K.E. = IMmL I 2 li ri - - Lb 2 J1* + 2 
(1-9)
 
Let the spring force applied to the system payload due to the cable be 
designated as 
f= (-10 
sz() 
and the spring torque applied to the payload due to the cable be T The
 
spring torque applied to the pallet due to the cable is denoted as Tp(y.
 
The relation between the force F and the potential of the system, U, is
 
= -VU 	 (1-11)
 
Thus, U = U0 - JF-dx 	 (1-12) 
where U0 = constant.
 
The potential energy of Model I is
 
U = U0 - {(fl - f4 )xl + (f 2 + F3 )zl +f 2 Ts()d +jz, fsz(z)dz + fX] fsx(X)dx0 0 	 0 
+ 	 (f3 - f2L 2 + Tc(t)d4 + T (@)d@ (1-13) 
0 
The Lagrangian is defined as
 
a = K.E. - U 	 (1-14) 
Then from Eqs. (1-9) and (1-13), we get
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.' 1 2-2 	 1 -2 1 • °-+ 2- 1 2 imL-at1 +j~z,+M- i(xl 	 4
rb bI 
-mLlI +	 ).( 1 +2+xJ
4 4 ~m ~+ a+ f+0 	 z-i 1 
+f 1 - f4)xl 	+ (f2 + F3 )z + 2 Ts (G)dt + fl fsz(z) dz + f fsx(x)dx
+(f 1TC(04ofl(,

+ (f3 - f2)L 2 + T(p)dt + Tp)d* - U0 	 (1-15) 
The Lagrange equation of motion is 
-x. -dtaxiJ 0 i 1,2,3,4 (1-16) 
where x I = x1, x2 = z1, x3 = and N= 02 
For i 1, we have 
+
3xI f f (-17) 
D _ 1 4 + x 1 I~ 
3* i - rbl L 
Thus, 3 It dL_ =+M_ +M r + MiL ( 
xI t9x -dt*J i ii Jif +(fi 4 ) + f(x)
2
 
(1-18)
 
For i = 2, we 	have 
aTz = 2

I f3 + fszI)
 
___- Mz 
Then, 	 a _ = M_ + (f + f) + f z ) = 0 (1-19) 
az I d 2 3 I 
For i = 3, we 	have 
a;- = T(4I) + Tp
 1 )
 
M..L2 + • + 2. + r L 
1 aL1 Mi(-rbx. rbb l rb 2 ) m Jil + Ji2 
-d Tc ) + P + Mirx 
- (J + Ji + 2 + M rb)2 + M L r )M Lk ( 0 (1-20) 
m i m a i b 1 'i lb b 22 
For i = 4, we have 
= (f3 - f ) L + Ts(4)
 
2 3-2 S 2
 
ad, = -H + rbLbM4) 2s B 
3 2 dt Ta. s(02) + (f3 f2)L ibx 
- CM.Lbrb + J - (MJL2 + J = 0 (1-21) 
The Lagrange equations in Eqs. (i-18), (1-19), (1-20) and (1-21) are written
 
in matrix form as follows:
 
-M 0 -Mir -MiL xI f-f4+fsx),
i 

i b I 1 4sxl
lb 

0 0 0 z1 f2+f3+fx (1-22) 
-Mitrb 0 J1J+,L+''a 2 2 JL+MiLbr T )+Tp(0 
ir m ib i i bb I I Pa 

MIL 0 J'+M L rb J.+M L 2 (f"f)L+Ts
ib b b i b P232 2
 
Equations of Motion of Model 2
 
For the ASPS system Model 2, the kinetic energy of the system is still
 
given by Eq. (1-6), and % is as defined in Eq. (1-7), except that
 
+ 
 r= (F-23)L,I 0
 
.Substitution of Eqs. (1-7) and (1-23) into Eq. (1-6) gives
 
242
1 + "2 +1 . 1 -2 1 )2

K.E.-2= -mLBa@1 + Miz I + i(Xl rb&O)2 + iml + 2Ji(o + 2 (1-24) 
The potential energy of the Model 2 is
 
12 
U =u - (f1 - f~x I f (x)dx + CfI + f3)z1 + j fs()dz + fhTs()d@0 	 0 
+ f{1 TC(.4)d + f Tp(49d4 + (f3 - f2)L42z + Cf I - f4)Lb4Y (1-25) 
The Lagrangian 4 is given by
 
1 2.2 1 -2 1 	 2 1 2 1 2
 
= 	 K.E. - U = -1mla~i + _i z1 + -41 ( - r01)+JJ 2i+l 2 
Ifx
+ (fl - f4)xI + fsx(x)dx + (f2 + f3)z1 + f l fsz(z)dz
 
+ f2 T50p f40+ Tc(4dP + f01 Tp dt)+ [(f - f2L 
+ (f1 - f4)Lb} 2 - Uo 	 (1-26)
 
The Lagrange equation of motion is given by Eq. (1-16).
 
Following the same procedure as for Model I, the Lagrange equations of
 
Model 2 are derived by use of Eqs. (1-16) and (1-26), and the result is
 
M. 	 0 -Mir 0 x1 f -f+f (X)
 
I i b 1 4 sx I
 
o M. 0 	 0 zlf 2+f3+Ifsz 1 )
 
z(
2 2 

-Mir 0 Jm+Ji+M L2+Mr J. T (i)+T
l b mim Mai b 	 p 
o 0 	 J 2 f3 -f2)L+(fl-f4)Lb+TsC U 
(1 27)
 
In the analysis conducted in the ensuing sections the equations of motions
 
of Model 2 will be used. One reason for this seledtion is that the mass matrix
 
of Eq. (1-27) is simpler than that of Model I in Eq. (1,-22). Another reason for
 
using Model 2 is that the model uses the center of gravity of the payload as
 
the reference point of rotation, which is more logical.
 
Substitution of the system parameters into Eq. (1-27), we have
 
13 
600. 	 0 -[173.6 0 Xl fl-f 4+fs (xl)
 
0 600 0 0 z f2+f3+f sz(z)
 
-1173.6 	 0 2805.15 503 l Tc( 1 )+Tp(C 1 ) 
0 0 503 503 ! 2 (f3-f 2 L+(fl-f4)Lb+Ts p( 2) 
(1-28)
 
1;3 Control of the Z1 Dynamics of the Payload
 
Equation (T-28) indicates that the z, dynamics of the ASPS are not coupled
 
to the other three degrees of freedom. The z, dynamics are described by
 
= ~fz (z) (1-29) 
ii = f2 + f + fs3 Isz 
The magnetic actuator forces f2 + f3'are controlled by feeding back the 
variables z, and z1 . The control equation is 
f 	+ f = -K z - Kr (1-30)2 3 p I rI
 
where K = 37.861 N/m and Kr 211.01 N/m/sec.
p r
 
Substitution of Eq. (1-30) into Eq. (1-29), we have
 
Mi Fl = -Kpz - KrZ! + fsz ) (1-31)
 
Figure T-6 shows the state diagram of the zI dynamics of the ASPS with the
 
continuous-data position-plus-rate controller. The notation Nsz (z) in the
 
state diagram represents the functional relation of the wi-re cable which is
 
attached to the center of the payload mounting surface.
 
If the wire cable is modelling by a linear spring, Nsz(z l) is simply a
 
constant, -Ks (N/m); that is,
 
fsz(Zl) 
= 
-KsZI
 
A nonlinear spring characteristic for Nsz(z ) is shown in Fig. 1-7.
 
However, since the mass of the payload is 600 Kg, and the spring constant is
 
14 
only 0.35 N/m, the effect of the wire cable on the payload dynamics is not 
going to be substantial. 
The characteristic equation of the continuous-data ASPS z dynamic system 
with the linear wire cable spring characteristic is 
M.s2 + K s + K + K =0 i-33)
r p s 
or
 
600s2 + 211.0ls + 38.211 = 0 (1-34)
 
The damping ratio of the system is
 
C = 0.6968 (1-35) 
and the.undamped natural frequency is 
= 0.2524 rad/sec (1-36)
n 
Analysis of the Digital ASPS zI Dynamics
 
When the zI dynamics of the ASPS are controlled by a digital position-plus­
rate controller, the dynamic equation is
 
M + = f2(t) + f3 (t) (1-37) 
where 
f2 (t) + f3(t) = f2 (kT) + f3(kT) kT < t < (k+l)T (1-38) 
Then the control equation is 
f2(kT) + f3 (kt) = -Kp zi(kT) - Kri(kT) (1-39) 
Figure 1-8 shows the block diagram of the linear digital ASPS payload (zI dynamics).
 
Since all the system parameters are given, except the sampling period T, we
 
shall study the maximum value of T for asymptotic stability.
 
The characteristic equation of the digital system in Fig. ]*-8 is
 
" A(z) = 1 + -'(I-" Is2Z-) K 2 -2 + 1K3Kp/s 3 s-2J]= (I-40) 
M. 1K
 
S -s 
15 
The z-transforms in the last equation are evaluated as follows:
 
P1. K
 
-zsi TJ 
2 
1 	 (1-41)

s + K z 2 	 2zco ]',sT I I 
M1 z(z /t T-cos 1)
K- = 	 (1-42) 
2 	 z -2zcos T +
(s _s 

Substitution of the last two equations into Eq. (1-40) and simplifying, we have
 
2 Kr K K K K K 	 K K o
 
M.K --	 +
z + 	 T P cos T + -z Tz +2co cos
Ks 4. K MI K M. K K M
IIsi s I s s I 
- *Kr .Kn 
s - 0
inK T 	 (1-43)
 
Sbbstituting the system parameters into the last equation, yielding,
 
2 + (14.5597sinO.02415T 
- liO..1688cos0.02415T + i08.1688)z + i - 14.5597sinO.024151
 
-108.1688cos0.02415T + 108.1688 = 0 (1-44)
 
The roots of the last equation as a function of T are tabulated below and the' root
 
locus diagram with T as a variable parameter is shown in Fig. 1-9. The critical
 
value of T for asymptotic stability is approximately 5.7 sec.
 
Sampling period Characteristic Equation Roots
 
T (sec)
 
0.1 	 - 1.96z + 0.965 0 0.98 + j0.069 
0.5 	 z2 - 1.816z + 0.832 = 0 0.908 + j0.0864 
2 	 0.808 + j0.164
1.0 	 z - 1.6163z + 0.680 = o 

6 86
2.0 	 z2 - 1.1 z + 0.4232 = 0 0.584 + 30.286
 
2
3.0 	 z - 0.657z + 0.2298 = 0 0.328 + j0.349 
16 
K p z.o.h. 
Figure 1-. Block diagram of the linear digital ASPS 
payload z1 dynamics). 
'~ -!i 0 2ii T ~ 
•R e
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Figure 1-9. Root laci of z.i dynamics of the digital
 
ASPS payload as the sampling period T varies.
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4.0 z2 - 0.0821z + 0.1 = 0 0.041 + j 0.3135 
5.0 z2 + 0.556z + 0.0338 = 0 -0.4865, -0.0695 
5.7 z2 + 1.04z + 0.02533 = 0 -1.01, -0.025
 
6.0 z2 + 1.257z + 0.03124 = 0 -1.23, -0.0254
 
The time responses of the digital system in Fig. l'-8 for various sampling
 
periods are shown in Fig. 1-lo. The initial value of zI(t) is chosen to be 0.002
 
m, since the static bearing gap of z, is only 0.0076 m, so that the maximum
 
constraints on the magnitude of.zI are +0.0038 m. The time responses in Fig. 1-10
 
substantiates the toot locus findings; when T = 6 sec, the closed-loop system
 
is unstable. The time responses are quite good for T less than or equal to 3
 
seconds.
 
Effects of Quantization
 
The block diagram of the digital ASPS payload z, dynamics with the quantization
 
effect is shown in Fig. 1-l1. The input-output characteristics of the quantizer
 
are illustrated in Fig. 1-12. The quantization level is denoted by h in meter.
 
The effects of quantization can be classified into three catagories: (1)
 
stable system with steady-state error, (2) unstable system with sustained oscilla­
tion, and (3) unstable system with unbounded responses. The last case is possible
 
since no saturation is assumed in the system model.
 
The steady-state error due to quatization can be determined by using the
 
least-upper bound method [3] and the condition of sustained osci'llations is
 
found by 'use of the discrete describing function.
 
The "characteristic equation" of the system shown in Fig. 1-11 is written
 
as __ r+K/S

A(z) =1+ Q(z)(l 
- q I-
= 0 (1-45)
 
where Q(z) denotes the discrete describing function of the quantizer.
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Figure 1-11. Block diagram of the digital ASPS payload zI dynamics
 
with quantization.
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Figure '-12. Input-output characteristics of a quantizer.
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Figure 1-14. G (z) plots and critical region bounds of quantizer discrete describing
 
function of ASP qpayload z1 dynamics; Ks = 3.5 N/m.
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Figure 1-15. G (z) plots for N = 6 and K = 0.35, 3.5 and 35 N/m and critical region
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The z-transform of the last equation is evaluated using the results in Eqs. (,1-41).
 
and-(1-42). Equation (1-45) becomes
 
A(z) = I + Q(z)G (z)eq = 0 (Ib46) 
where Kr KKsi - -cs W K Kr T + K K K 
M. 
ss 
. K 
-" 
4 H 
TTK 
K 5 
-To+T--n 
MEK 5 T --s4oKs.H i Ki 
Geq(z) 2 
z -
sI 
2zcos 
s (1-47) 
M. 
For Kp = 37.861, Krr 211.01, M.i. = 600, and K = 0.35, the last equati'on iss
 
simplified to
 
- 14.5597sinO.02415T
G Cz) = 14.5597sinO.02415T-1Q8.1688cos0.02415T+08.1688)z
eqz - 2zcosO.02415T + 1 (1-48) 
-108.1688cosO.02415T + 108.1688
 
Figure 1-13 shows the plots of Geq(z) for various periods of sustained
 
oscillations T = NT, N = 2,3,4,... The sampling period T varies along the
 
curves. The square block in the figure which is centered at -1 represents the
 
bounds on the critical regions of -l/Q(z) [41 Theoretically, the intersects
 
between the critical regions of -I/Q(z) and G eq (z) represent conditions of
 
self-sustained oscillations. It is clear from Fig. 1-13 that the system-should
 
be free from sustained oscil'lations for all sampling periods less than 2 seconds.
 
Figure 1-14 illustrates the G (z) plots for K = 3.5 N/m, 10 times the
eq s
 
nominal value. As pointed out earlier, since the mass of the payload is so large,
 
the light spring effect of the wire cable does not materially affect the performance
 
of the system. Figure 1-15 further illustrates that even with Ks = 35 N/m, 100
 
s 
times the nominal value, the characteristics of the system for sampling periods
 
less than 2 seconds are not significantly affected.
 
The least-upper bound error analysis of the quantization effect is performed
 
by referring to the system block diagram shown in Fig. 1-16. The quantizer is
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K8s
 
MiM
 
Figure 1-16. Block diagram of the digital ASPS payload z1 dynamics
 
for the least-upper bound analysis of quantization effects.
 
I!MEr:- ION PRMT(5) ,'-'2 D pER' A'u: 2;f". ' 

E:;TERNPL FCT ,UUTP
 
COMMON 22DfOT TsRkPMI 5RMIV,Vl ,TPR'T .TEND
, NPRTIME ,YCQ./VIH 
COMMONA! "A. "AKP ,SYF ,TP ,H- A%1H IVH '1H0 
ALL TIME INPUT. :'-HOULD BE INTEGRAL MULTIPLES OF TINT. 
H=2 .-"-4 
TZND=40,0.
 
TPRT=0 .5
 
TIHT=0.5E-3
 
ZDOTO=0.
 
ER'RDR=1 .E-5
 
API=600•
 
IK:'S=O0.35
 
RKP=3?7.86-i-. 
AKR=* 1.01 
A :MZI=RK., hMI O PAGE IS 
AMIN'Q=1 ..- ORlGltRt ULAr1I OF pOOR -^ T=0 .
 
Figure 1-17. Computer program of the simulation of the ASPS payload z
1
 
dynamics with quantization.,
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50 

40 

20 

30 

100 

PPTIME=-TPFT 
PPMT, )=T 
PMT2: =TEH @RIINAL PAGE i§ 
PRMTv.3.'=TIHT PQt POOR QUALITY 
PRMT(45=EPROR 
ERYF; 1)=O .5 
BERY'(2"=0.5 
ND I M=2 
Y": 1 ;,=ZO
Y,Q-)"=ZD]T0
 
CALL RKGS-CPRMT ,Y ,DERY ,DIM, IHLF ,FCT ,OUTP :AU")
 
.U-:ORUTINE FCT(TIME ,Y ,ERY')
 
BIMEtIOH Y"(2, ,DEF':2:
 
COMMON Z 5ZDOT ,T,Af-:MIAlIVII ,Vl TPFRT :TEHD ,PRTIME ,".1 ,V1H.
 
COMMON AMI ,AKO-,FlKP,AWR ,TSPH.FI.AV1H.IVIH,VIHQ
 
ZDBOT=Y(--
Y 1 =AKPZ+AKR+ZBOT 
IF(TIME-T40.,50,0
 
T=T+TiP
 
Y15=V 1 
V 1H=V1-: 
IF(Y1H.LT.O.,63 TO 20
 
V1H=,.Y1HH'+0.5 
60)TO 30 
AV1H=KY1H H,- 0.5 
CONTINUE 
IV1H=IFIX,"AV1H> 
V1HQ=FLOAT. IV1H.'*H 
Z2DOT=-AKTM I +2-AM I HVNV 1H9 
DEY(Y1)=-OT
 
DERY,2)=Z2DOT
 
RETUrN
 
DUBROUTINE OUTPCTIME .Y,fEPY,IHLF,NB IMd PRMT. 
DIMENSION Y(2) DERY(2. ,PRMT.5) 
COMM!ON 2 .ZfOT .,T .§, MI,AMI.V ,VI sTPPT ,TEND,PPTIME,Vl£ ,VIH 
CPWPiON FMI ,IEE,AIKPKF:R,T-PH,A4V1HIV1H,V1HQ 
IF' 'eTIME-PPT!ME). LT .TPRT)RETURN 
PRTIME=PRTIME+TPRT 
,IPITE(5,100. TIMEVIVlH,VIH' CYK ,I=l,. ,IHLF 
FORMiT(XF5.,X,EIEl2.5,1iXE12.5, IX,El.5i,2'::<5 EI&.5) ,1:XI2 
RETURN 
END
 
Figure 1-17. Computer program of the simulation of the ASPS payload z1
 
dynamics with quantization.
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replaced by the noise input w.ith an amplitude of +h/2.
 
The z-transform of the displacement zI due to the noise input is
 
(z) (
(0 ) 1 (+-h/2)z.z (1-49) 
1Zz A(z- VHMSS(l + K s-/M i) +-- h/ I "% 
where A(z) is as given in Eq. (1-40).
 
In Eq. (1-49),­
0 - z Mi s3(l + Kss-2/M) (s l (s2 + KI/M.) 
(z+ l)(1 - cos.j / . T) 
2 1 (1-50)Ks z - zos 

s z -2zcosIKIM. T + I
 
Thus, h 
-z+ 1)(1 cosK '/N.T)(-) 2 
s 4 1ZZ (z) = 
z + sin s T - Co T - - 2co T z + 1 + -L 
Iss s i Ks (s-S) 
K o- K 
p Cos . 
_
- M.K sin$$TKs Ii I s" 
The final steady-state value of zI(kT) is given by
 
-
lim zI(kT) = Urn (l - z ) 
z=l
 
2 KA~+JAhh
 
-IK - ~ M.-'2M-2 
s 1 (1-52)
 
K K K +K 
2(1 + E)(1 - cos-s 2 T) s P K M.
s .i 
This result shows that the least-upper bound on the steady-state value of zI(kT)
 
due to quantization is inversely proportional to K and K p
 
s p
For the given values of Ks and Kp we have
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-
+ h
-2 
lim z1 (kT) 38.211 = 0.013085237h (1-53)
k-*co 
Thus, for 	a quantization level-of 2-4 , the final error in z ist0.000817827 m,
 
.
whereas it is +0.000051114 m for a quantization level of 2-
8
 
1.4 	 Computer Simulation of the ASPS Payload zi Dynamics with Quantization
 
In this section the z, dynamics of the ASPS payload are simulated to study
 
the effects of quantization. The computer program is given in Fig. 1-17.
 
Figure 1-18 illustrates the time responses of zI(t) of the ASPS payload with
 
and without quantization, for the sampling period of T = I second. The initial
 
value of zW(t) was chosen to be 0.002 m. As predicted by the discrete describing
 
function analysis, the system does not exhibit any sustained oscillations when
 
T = 1 sec.. However, the nonzero quantization levels did produce steady-state
 
errors in zl (t). The computer simulated results and the results obtained by
 
the least-upper bound method are tabulated-below for comparison. It is expected
 
that 	the errors predicted by the least-upper bound method will be greater, since
 
it is a worst-case study.
 
Sampling Period T = 1 sec
 
Quantization 	level h (m) z;(cl)least-upoer bound (m) Zl(o ) simulation (m)
 
2+ 0.0008178 -o.ooo444
 
2-8 + 0.000051114 0.000036
 
8
Figure 1-18 also shows that with the quantization level of 2- (8 bits), the
 
time response of zI(t) is very close to that of zI(t) without-quantization, so
 
that a larger word length seems unnecessary unless a smaller steady-state error
 
is required.
 
Figure 1-19 illustrates the time responses of zW(t) for T = 2 sec. For
 
-8
h = 2-4 , 	the error is -0.0003"at t = 50 sec and still increasing. For h = 2 ,
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the response actually exhibited a sustained oscillation with a peak-to-peak 
amplitude of 0.000066 m. As shown in Fig. 1-13, When T = 2 sec, the system is 
marginal in generating sustained oscillations. It should be noted that the 
digital computer is not the most suitable for simulating digital systems with 
quantizers, since the computer itself is a digital system with-its own quanti- ­
zation levels. However, the results obtained here are conclusive enough to 
indi-cate the quantization effects in the ASPS payload, and are useful in the
 
selection of the sampling period and the quantization level.
 
For sampling periods greater than 2 seconds, the computer simulation
 
results showed that sustained oscillations always existed.
 
1.5 Nonlinear Spring Effect of Wire Cable on the ASPS Payload zI Dynamics
 
In the preceding sections the wire cable attached to the ASPS payload
 
was modelled as a linear spring with a spring constant of Ks . In the zi
 
direction the spring constant K is given as 0.35 N/m. Itwas shown in the

• S 
last section that since the mass of the payload is so large (600 Kg), the
 
light spring effect of the wire cable will not have a significant effect on
 
the dynamics of the payload. This would be true whether the wire cable is
 
modelled as a linear spring or a nonlinear spring.
 
The block diagram of the digital ASPS payload zI dynamics with.the
 
nonlinear wire cable spring characteristic is shown in Fig. 1-20. As shown
 
in Fig. 1-20, the nonlinear spring characteristic is defined by the parameters
 
K. and hwf.
 
The simulation program for the system is given in Fig. l.-21. Figures
 
1-22 through 1-24 show the time responses of zI with the initial consition
 
z](0) = 0.002 m and under the following three conditions:
 
(a) linear spring, K. = 0.35 N/m
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XL_---] 
~~I 
__I NONLIN EAR__ 
SPRING FT-
SLOPE = Ks 
77 
hw1f 
U.35 N/m 
Figure 1-20. Block diagram of the digital ASPS payload z1 dynamics
 
with nonlinear wire cable characteristic.
 
(b) nonlinear spring, Ks = 0.35 N/m, hwf = 0.00014 N 
(c) nonlinear spring, Ks = 0.35 N/m, hwf = 0.00028 N.
 
Figure 1-22 shows that for the scale chosen for z in that figure, the 
time responses of all the three cases are nearly identical. Figure -23 
shows the three responses between t = 10 sec and t = 100 sec with the z1 scale 
expanded. Figure f-24 shows the three responses between t = 25 sec and t = 
100 sec with an even more expanded scale for z1. Note that the use of the 
nonlinear spring model for the wire cable creates a nonzero steady-state 
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TYPE RSIN.F4
 
DIMENSION PRMT(5),Y(2),DERY(2),AUX(S,2)
 
EXiERNAL Fcr,ourP
 
COMMON ZZDOFT,AI\SMIAMINVVITPRT,TEND,AS,AMt,NPRr,IVI
 
C
 
C ALL rIME INPUTS SHOULD BE INTEGRAL MULTIPLES OF -INT,
C 
OPEN(UNIZ=6,DEVTCE='DSK',FILE='FORO6,DAT' ,ACCESS='SEQOUT')
 
FSP=2,
 
H--2.**-10
 
FEND=100.
 
FPRT=0,5
 
I(1F=1IE-2
 
20=0.*002
 
ZIuTO=O,
 
AII-600. 
AfS=0.35 
-KF=37.861 ORIGINAL PAGE IS 
ANoN21A./A OF POOR QUALITY 
ASMNU1= ,/AI 
Z=ZO
 
Z1O10 r:=Z,3 ro
 
NPR =0
 
PRM1 (3)=FINr

1RM r( 4).0,o001*ZU 
L'LI.:Y(
L)=0.5
DERY(2)=0,5
 
Ni M-2
 
10 F(I,.GE. FEND) CALL EXIT
 
V I =AfP*Z+ARKR*ZDOT
 
F'KRsI(1)=r 
Fkll r(2)=T+TSP
 
((1 )=L
 
1(2) =ZD0 F
 
IALL RI\GS(PRMI *Y,OERYNIM,IHL-,I-U IUU IFAUX)
 
Go T0 10
 
END
 
S3tB'tU rTNE FCF(X.Y,,JRY)
 
IIMENSION Y(2).OERY(2)
 
CUMHON Z,Z0 f.,TAI\SMIAINV,VIYPRT, FENr,AKS,AMINIFRT,IVI

ncRYr 1 ) Y(2) 
DERY(2)=-FOCEY(t),Y(2))-AMINV*VI
 
RETURN
 
ENDB
 
SI:flfOU FINE (IUPx(.,Y, DCRY, iELFNDIM, PRMT)
 
DIMENISION Y(2),D.ERY(2),Fl'IT(5)
 
'OMHON ZZDOT, T ,AI rANINVV J1, TPRT, FEND, AIS,AMI ,NF'RT, IVI 
IF(x.GI.FEND) F'Rmr()=t. 
F( XLT,TPRT*FLOArF(NPRT)) RETURN 
WRTrE(6,100) IIILF,X,VI, (YT),1 1,2)
 
.00 FUI':ifY(IX,12,.3X, IF'EIO, 4,IP3E1 !.3)

2-Y(1)
 
ZDlr=y(2)
 
1k;
R I'=NPR F+1
 
,EI URN 
EOtn
 
FUNC T LON FORCE(X, X1,10n)
 
COMMON Z,ZDOT,TANSMT,AMINV,VI, FF'RT, rEND,AKS,AMI,NPRT,IVI
 
HF-O .00028
 
I:(XoUf)1,2,3
 
i FORCE (AIS*X--iUF/2,)/AMI
 
GO F'O4
 
2 FORCE = AKSMI*X
 
'Go 1- 4
 
3 FORCE = (AKS*X+HWF/2.)/AMI
 
-1 RETURN
 
END
 
Figure 1-21. Computer simulation program of the ASPS payload zI dynamics
 
with nonlinear wire cable characteristic.
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Figure 1-22. Time responses of the digital ASPS payload zI dynamics with nonlinear wire
 
cable characteristic.
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Figure l-23. Time responses of the digital ASPS payload z, dynamics with nonlinear wire
 
cable characteristic.
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Figure 1-2.. Time responses of the digital ASPS payload z1 dynamics with nonlinear wire
 
cable characteristic.
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error for z1 . With hwf ='o.boo14 N the steady-state error is 0.18xO -5 m, and
 
with hwf = 0.00028 N the steady-state error is 0.12x]0 -5 m. Since these
 
errors are extremely small, it may be concluded again that the wire cable
 
effect on the ASPS payload may be neglected whether a linear or a nonlinear
 
spring model is used.
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II. CONTROLLER DESIGN FOR THE ANNULAR SUSPENSION
 
AND POINTING SYSTEM (ASPS)
 
2.1 	 Introduction
 
In the preceding chapter the equations of motion of the ASPS with respect
 
to the planar models of Figs. 1-4 and 1-5 have been derived. The Lagrange
 
equations of the planar ASPS model 2 shown in Fig. i-5'have been selected for
 
analysis and design of the system. These equations are repeated as follows:
 
Mi 0 -Mir b 0 xI fl - f4 + fsx(1 )
 
0 M. 0 0 zI f2 + f3 + fsz(Zl)
 
2 LT()

-Mirb 0 Jm+Ji+MmLa+Mrb Ji q1 c ) + Tp
 
oJ 	 J 02 (f3 - f2)L + (f1 - f4)Lb+ Ts( 2)
 
(2-1)
 
The last equation shows that the zI dynamics of the payload are decoupled
 
from the other three degrees of freedom. The z1 dynamics have been thoroughly
 
studied in Chapter 1, and both the analog and the digital controllers have been
 
designed. The main objective of this chapter is to study the dynamics related
 
to the x 1, l and 02 axes which are coupled.
 
In the ensueing sections an analog controller for the control of the x,
 
q and 2 dynamics is designed by pole-placement techniques.
 
2.2 	Analytical Model of the xl, 0, and h Axes
 
After eliminating the zI dynamics, Eq. (2-1) is reduced to the following
 
form: 
= at + b((f1 - f4)-+ fCsx(l )) 
l = 	 X l - d 2 + e(Tc(O l) + Tp)J . (2-2) 
2 	 _4l + f((f - f2)L + (fI - f4)Lb + Ts(2)
3 

where
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a = rb = 1.956 
b = I/Mi = 0.00167 
+
C c J J. ++MmL4 Mir/ = 0.4184
 
m I m a i b
 
J.
 
d = i + J. + M L + MIr = 0.1793 
m I m a ib 
4
e = + J. + M L4 + H r = 0.000356 
m I ma i 
f = I/J. = 0.001988 
In Eq. (2-2) fsx (x) denotes the linear spring force due to the wire
 
cable attached to the payload.
 
For linear analysis, fsx (x) is assumed to be directly proportional to
 
X;i.e.,
 fsx(Xl) = -Ksx1 
 (2-3)
 
where K = 1.051 N/m.
S 
Similarly, TS(4 2) denotes the equivalent spring torque due to the wire
 
cable attached to the payload, and Tp( 1 ) denotes the spring torque due to thE
 
wire cable attached to the pallet. Thus,
 
T542) = -Ks22 (2-4)
 
Tp l) = -KsItI (2-5)
 
where K = Ks2 = 0.'005 N/m. 
Figure 2-1 shows a block diagram of the ASPS dynamics of the xl, 0 and 
2 axes as modelled by Eq. (2-2). Note that the linear system is of the s-Ixth
 
order with three inputs. The input eT denotes the torque which is applied
c 

to the pallet by the gimbal assembly. The input fI - f4 represents the net
 
magnetic forces applied at the base of the payload by the magnetic actuator
 
assembly, and the input fL(f 3 - f2 ) denotes similar magnetic forces due to the
 
fLb 1 fL~f5 ? 
Figure 2-1. Block diagram of the x, 1' 2 dynamics of the ASPS. 
magnetic actuator assembly.
 
2.3 	 Design of An Analog Controller For the ASPS By Pole Placement
 
In this section we shall design an analog controller for the ASPS to
 
control the dynamics of the xi, i, and 02 axes. As shown in Fig. 2-1 there
 
are three inputs that can be used through the magnetic actuator assembly forces
 
and the gimbal torque to control the attitudes of xl, 0l and 2"
 
Let us assume that the controls of the x,, d, and 02 dynamics of the ASPS
 
can be achieved through state feedback. Specifically, we construct the three
 
inputs as follows:
 
- f4 	= -Kxp - Krx1 (2-6) 
Tc= -Klf4ldt - K K3pI 	 (2-7) 
(f3 - f2) L + (fl - f4)Lb = -K4f 2dt - K5 2 - K6 2 	 (2-8) 
where Kp Kr Kil K2, K 3' K4, K 5 and K6 are constant gains whose values are to
 
be determined.
 
The block diagram of the ASPS with state-variable feedbacks as defined i'n
 
Eqs. (2-6), (2-7) and (2-8) i.s shown in Fig. 2-2.
 
In order to evaluate the characteristic equation of the closed-loop ASPS
 
we represent the block diagram of Fig. 2-2 by the simplified signal flow graph
 
in Fig. 2-3.
 
The branch gains a, c and d in Fig. 2-3 have been defined previously.
 
The loop gains used in Fig. 2-3 are defined as
 
-
A] = -b(Krs + (Kp + Ks)S-2 ) 	 (2-9)
 
-2
A2 = -e(K3s-1 + (K2 + Ks ) s + K Is--) 	 (2-10)
 
s -
A3 = -f(K6 + (K5 + Ks2)S-2 + K- 	 (2-1)
 
I Kl K I ' 1 ' 
Figure 2-2. 
 Block diagram of the ASPS dynamics with state-variable
 
feedback controls.
 
AeK
 
Figure 2-3. A simplified signal flow graph of the system shown 
 f 
in Figure 2-2.
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The design objective is to determine the feedback gain constants Kp, Kr,
 
K, K2' K3, K4 , K5 and K6 such that the elgenvalues of the closed-loop ASPS are
 
at certain specified locations.
 
The first step of the design problem is concerned with the determination pf
 
the characteristic equation of the closed-loop system. This is accomplished by
 
applying the Mason's gain formula to the signal flow graph in Fig. 2-3. The
 
result is
 
A = 1 - A1 - A2 - A3 - ca - d + A1 (A2 + A3 + d) + acA3 +A 2 A3 - A1A2A3 0 
(2-12)
 
Substitution of the relations for A, A2 and A3 into the last equation, and
 
rearranging, we get
 
a 	s8 + a7s7 + a6s6 + a5s5 + a4s4 + a3s3 + a2 s2 + aIs + a0 = 0 (2-13)
 
where
 
a8 	= 1 - ac - d
 
a7 	= b(l - d)Kr + eK3 + f(1 - ac)K6
 
a6 	= b(I - d)Kp + b(l - d)Ks + e(K2 + Ksi) + f(K5 + Ks2) + beKrK3 + efK 3K6 
+ bfKrK6 - acf-(K5 + Ks2 )
 
a5 	= eK I + f(l - ac)K 4 + beK3 (Kp + K5) + beK r(K2 s) + efK 6 (K2 + KsI)+ K1

+ efK 3 (K5 + Ks2) + bfK6 (K + Ks) + bfK (K5 + Ks2 ) + befK3 K6 K
 
a4 	= be(Kp + Ks)(K 2 + Ksl) + K1Krbe + efKIK 6 + ef(K 2 + Ksl )(K5 + Ks2) 
+efK 3 K4 + bf(Kp + Ks)(K 5 + Ks) + bfKrK4 + bef ((K{+ Ks)K 3 K6 + KrK6 (K2 + Ks ) 
+ KrK3(K5 + Ks2))
 
a3 = beK (K + K ) + efK (K5 + K 2 ) + efK4 (K + Ksl) + bfK4(Ip + K)2 

+ bef(KrK 1K6 + Kr(K2 + Ksl)(K 5 + Ks2) + Kr K3K4 + (K + Ks)K6(K 2 + Ksj) 
+ (Kp + Ks)K 3 (K + Ks2)) 
a2 = efKIK 4 + bef((Kp + Ks)KIK 6 + (Kp + Ks)(K 2 + Ksl )(K5 + Ks2) + (Kp + Ks)K3K4 
s 

+ KrKI (K5 + Ks2 ) + KrK 4 (K2 + Ksl) ) 
a I = bef(KIK 4Kr + K4 (Kp + Ks)(K 2 + Ksl) + KI(K p + Ks)(K 5 + Ks2)) 
a0 = befKiK 4 (Kp + KS) 
In these nine coefficients, the values of a, b, c, d, e, f, Ksi, Ks2 and
 
Ks are known, and the values of Kp, Kr, Kl, K2, K3,
K4, K5 and K6 are to be
 
determined for a given set of roots of Eq. (2-13).
 
Let the desired roots of Eq. (2-13) be XPA2' X3, X4, X5' 6' X 7 and X8
 
The condition for these roots to be solutions of Eq. (2-13) is
 
8 8 
a8i1 (s- X) i O a ' s' (2-14) 
i=l = 
Expanding the left-hand side of Eq. (2-14), we have the equation,
 
a8s + g7 (X)s 7 + g6 (X)s6 + g5 (X)s 5 + g4 (X)s 4 + g3 (x)s 3 + g()s 2 + g1(X)s­
a s
0g() = 8 (2-15) 
i=0 
where
 
X=(xl x2 ' x3 ' x4 ' x5, 6' X7, x9' 
denotes the vector of eigenvalues, and gI(?) (i = 0, 1, 2, . . , 7) are known 
i ­
once X-is given. In fact, it is simple to see that
 
ai(Kp, Kr, KI, K2, K3, 4,K K = gi) (2-16) 
for i = 0, 1, 2, . . , 7.
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Define
 
UI f1 - f4 (2-17) 
u2 =T c (2-18) 
u3= (f3 - f2)L + (f11- f4)L6 (2-19)
 
Equations (2-17), (2-18) and (2-19) specify the three inputs to the ASPS which
 
isan eighth-order system with the state equation
 
x 0 1 0 0 0 0 0 0 x 0 0 0
 
2 a21 0 0 a24 0 0 a27 0 x2 b21 b22 b2
 
0 0 0 1 0 0 0 0 0 0 0 ­
4 x4 

x3 x3 

0 0 0 0 I 0 0 0 0 0 0
 
as5 0 0 0 0 a57 0 x b b5 b 253
 
0 0 0 0 0 0 1 0 x 0 0 0 3
 
5 a5 4 

0 0 0 0 0 0 0 1 0 0 0
x7 x7 

x8 a,, 0 0 a84 0 0 a87 0 
 x8 b8l b82 b83
 
where
 
x =x
 
x2 X
 
x = J pdt
 
x = 
x6 = f 2dt
 
x7 =2 
x8 = 2 
and the entries of the matrices of the state equation are determined by the
 
open-loop ASPS. The numerical values of these elements are:.
 
= -0.6120962971a2 1
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= -0.0014844271 
a27 = 0.0014844271 
a = -0.312026593 
*54 -0.0007589096
 
a57 = 0.0007589096
 
*81 0.312026593
 
a84 0.0007589096
 
*87 = -0.0007688499
 
b = 0.5823745791
 
b = 0.2968854358
 
b23 -0.2968854358
 
b = 0.2968854358
 
a2 4 

b52 0.1517819201
 
b53 = -0.1517819201 
b81 -0.2968854358
 
b82= -0.1517819201
 
b83= 0.1703268144
 
Equation (2-20) describes the system part of the block diagram of Fig. 2-4.
 
Inorder to use the state feedback to realize a controller, it is necessary that
 
the system is completely controllable. The controllability of the ASPS is
 
determined as follows:
 
Let Eq. (2-20) be written as
 
x(t) = Ax(t) + Bu(t) 
The necessary and sufficient conditions for the system.to be controllable are
 
that the matrix 
"U = (B AB A2 B. . . A7B) (2-21)
 
SYSTEM
 
dI
 
I I 
KK Kr K 
I 
------------ANALOG CONTROLLER - - - -- - - - - - - - - - -- - - - - - - - - -
Figure 2-4. Block diagram of the ASPS dynamics and the design of the analog controller.
 
ON' 
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be of rank eight. In the matrix B, as shown in Eq. (2-20), there are three
 
non-zero rows. The determinant of these three rows is
 
det Ib51 b52 b53 = 0.0000046913 0 0 (2-22) 
Lb81 
 b82 b83J
 
Thus, we have
 
Rank(B) = 3 (2-23)
 
Also, the matrix
 
b21 
 b22 
 b23
 
0 0 0 
0 0 0 
b51 
 b52 
 b53
 
AB = 0 0 0 (2-24) 
0 0 0 
b81 b82  b83
 
0 0 0 
has three independent columns. These columns are linearly independent on the
 
columns of B. Therefore,
 
Rank(AB) = 3
 
and
 
Rank(B AB) = 6
 
Furthermore, in the matrix A2B, we have
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0 o 0 
a21b21+a24b5+a27 81 a21 b22+a24 b52+a27b82 a21 23+24b52+a27b83
 
bs5 
 b52 
 b53
 
0 0 0
 
A2B (2-25) 
A a5 b2+a54b5+a57b81 a5 b22+a54b52+a5 7b8 2 a51 b23+a54b53+a57b8 3
 
b8l b82 b83
 
0 0 0
 
a81 b2 1+a84 b51+a 87b 8 1 a81 b22+a84b52+a87 82  81 b23+a84b53+a 87b83
 
If the rank of A2B is greater than or equal to two, the matrix U in Eq.
 
(2-21) will have full rank. Consider the two following rows of AB:
 
(b51  b52 b53 ) and (b8 1  b82  b83)
 
It is obvious that these are linearly independent. Therefore,
 
Rank(A2B) > 2
 
Also notice that the third and sixth rows of the matrices B and AB have all
 
zero elements. Therefore, there are at least two linearly independent columns
 
in matrix A2B which is also linearly independent of the columns of the matrix
 
(B ABJ. Thus, we have the conclusion that
 
Rank(U) = 8
 
and the full rank of matrix U implies the complete controllability of the ASPS.
 
With the controllability of the system estabilished, it is now possible
 
to select the eigenvalues of the closed-loop ASPS by using state feedback
 
described in Eqs. (2-6), (2-7) and (2-8); i.e.,
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u = KpXi KrXI 
u2 = -KIfdt - K242 - K3 1 (2-26) 
U3 = -K4f42dt - K5 2 - K6d2 
The closed-loop control system can be described by 
x(t) = (A + BG)x(t) = Ax(t) (2-27) 
where the matrices A and B are as in Eq. (2-20), and G is the feedback gain 
matrix and is given by 
[-K -K 0 0 0 0 0 0' 
G 0 0 -KI -K2 -K3 0 0 0 (2-28) 
0 0 0 0 0 -K -K -K6 
It is the objective of the design problem to choose a set of feedback
 
gains such that the roots of the characteristic equation are as specified.
 
The roots must satisfy the following equation:
 
det(.sI - A) = 0
 
If a closed-loop system is to be designed such that it has a bandwidth of
 
one Hertz, then the eigenvalues are chosen as
 
A1 l X2 = -7.16 + j8.75
 
X3' X4 = -42.16 + j72.67
 
X5 = -11.41
 
A6 = -109.15
 
X7 = -24.21
 
X8 = -6.54
 
In this case, the eigenvalues must satisfy the following equation:
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^ 8 
det(sl -A) = (s - ) (2-30) 
i=l 
where Xi (i = 1, 2, . , 8) are specified in Eq. (2-29). 
After expansion of both sides of Eq. (2-30), the coefficients corresponding 
to the same powers of s must be equal. Thus, eight nonlinear algebraic 
equations are formed which must be solved to give the eight unknown parameters 
in the feedback matrix G in Eq. (2-28). 
Given the eigenvalues specified in Eq. (2-29), the coefficients of the 
right-hand side of Eq. (2-20) can be computed. We have 
8 8 27 46 65
 
11 (s - ) + 2.49936x1O s + 2.84334x10 s + 1.9438xlO s
 
i=l
 
+ 6.6624xlo7s4 + 1.2103xlO9s3 + 1.2699xlO10 s + 7.3946xlo s 
+ 1.78289x0 11  (2-31) 
After algebraic manipulation, we have
 
5a5 a a a a 
det(sl - A) +-s +- +-s +--2 +- 8 + aa8a8 a8 a8 a8 a8 a8 a8 

where a0 , a l, . . . , a8 are defined in Eq. (2-13). 
Therefore, a system of equations is obtained, 
2 -2 
-

= 2.49936x02 xO.2349x10 = 0.5871
a7 

2
 
a6 2.84334 10
4 xO.2349xlO 2 = O.6679x1O
-
= 

4
 
a5 = l.9438xO 
6 x 0.2349x]0 2 = 0.4566x10
-

6
7 = 0.1565x10
 
= 6.6624x1O x 0.2349x]0 
-2 

a4 

-

a3 = 1.2103x]0 
9 x 0.2349x]0 2 = 0.2843xi07
 
8

- 2 
= 0.2983x]o

= I.2699xi10 x 0.2349x0
a2 

= 0.1737MO9
 a1 = 7.3946xlo Ox 0.2349xio 
- 2 

-2
 
= 0.4188x109
a0 = 1.7829xlO x 0.2349x]0
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A computer program was written to solve the set of equations involving
 
a0 , . , a7, using the Brown's method. The feedback gains are solved
 
and are tabulated as follows:
 
K = 91338
P
 
K = 10081
 
r
 
KI = 6460200
 
K2 = 569930
 
K3 = -48943
 
K4 = 600900
 
K = 129920
 
K6 = 11756
 
The computer program is tabulated in Table 2-1.
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Table 2-1. Computer Program For the Computation of The Feedback
 
Gains of the Closed-Loop ASPS By Means of the Brown's Method
 
£PMPL:J CIT REALA8 CA-HY O-/ '
 
DTENSTON ROOTS (2Y 50
COIMUON M-ISX s -1I(Si:- R on'. fiiA.x,;. i .E f:£W],inKS fu ,,, LBC 

TYPE 5
 
5 FORMAT 2X "THE DEGREE OF PFX) = )
 
A pCCEF6 P N
r 
6 FORiAf(12)
 
T"PE 7
 
7 FORMWf(/" SPECIFY THE ROOTS OF PCX) N THE FOLL0JIWJG'i//2X,

& *** ALL COMPLEX HOOWS OUJST BE IN COMiPLEX CtOJUGM FE PATRS ',.
I'AND THE'/2X v ONE WTTH NEGVI VE tMGINR 
-W SUHOULO BE Q 
A ',PEC EFTED FIRST*:') 
00 1 1=1 Y1 
TYPE 2P1
2 FORMAT Ci2X 'REAL_(RO]UT' 2,p) = '$ 
ACCEPT 9,ROOTS(ily, 
TYPE ,.i]: 
3 FORMAF(2X,'IlAG(ROOT'uI2,') 
ACCEPT 9YROOFS(2y1) 
­
j CONTINUE 
TYPE F 
8 FORMAT(/ 2XLEADING COEFFICIENT = 
ACCEF 9/COE
 
v FORAT(F.12.5, 
CAiLL RECON (RUOTS ,COEI YQ yN 
TYPE 1001 
0 FO'A'(/2X,{EFISOF I 5T NG FROi fiF OF .......
 
TYPE 4,(0D(1j,r=T.LN+)

A FOI",rA-( 2X; .02,5)
 
C
 
C---SYSTEM CONSTANTS
 
AKSX=1 	.051
 
AKSF=0Wo05
 
AKSS=0 *005
 
RBI 950
 
AMI=600
 
A33=2805,15

AJ=50& ,
 
A=RD
 
B=1 /AMI
 
C:=AMI*RB/A33

D:=AJ/6,3
 
E=IJ/3 	 PAGIs 
C 	 F=1 +/AJ O 
CAL_ SOLVER (N 
STOF 
E 0
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Table 	2-1. (Continued)
 
"SUBIIJINE RECON (f(,OTS D Ni'.) 
fli'E :i. M!Nixns( c) RE,)L*8s ROk, -lJ, ,t 
)OCJS ROn.,kB Uv0. 

ji.ij ±)1>1I 	 CONHTIZNUE'.

S- 'N+ L
 
NL=NS- -

IF (ROO0S(2YI)s 3v7yfl

3 	 Tw-ROOTS ID ROOTS(2 **2 ORIGINAL PAGE Is 
u O*ROOT- (5 1 ) OF POOR-QUALIT
n00r 5"UJ:-NLyW " "
 
Cf(J,-.. ) T*O CJ-L ) -.	 )..l:= LtI*f CJ ) +0 (J+ 
5 	 CONTINUE
 
DW(N)-=T*D (N -U$B1( N+i )
 
GO TO 9
 
7 	 T=-RUOTS ( M)
 
DO 8 J=NLYN
 
u( J ) f W' (j) if' CJ i-.)
 
8 	 CON INLUE
 
9 D(N+i)=T*CN+L
 
1 CONTINUE
 
DO :1 11=10.9

0. .i::)=0l( [I: )XZIA 
IL.I 	 CONTI NUIE
 
RETURN
 
END
 
SJUB.OU -LEE SOLVERi (i,)
 
REfL*8 X,bO ,OLIN2 (50 $5
 
INTEOER*4 OUM 505,51) ,CNAIE(C50)
 
C---INITJ:AL OLi-iSES OF THE SOLriON 
XAc"=0.105
 
X(2-=0o.9t3105
 
X(3)=-0.48915
 
057%6
0=() += 

X(5)=O+646D7
 
X(6)=0. i175l5
 
XC 7)=0. 1306
 
X(S)=0.606 
C 
G ---SPECIFY NAiiES FOR EArCIH COEFFCIE.HS FOR PRINIOUT 
C 
CNr-NfE 1)='G" 
CNAME(2)='H
 
CNAMI-EW)=10,
 
CN -AMIE W5)R 
CNlME(<6)I4
 
CNAqMEM7 '"
 CNriE( U 
Table 2-1. (Continued)
 
L 
(--L'flrfjF PlRAIMETERS TO BE SP'EC1FIfED 
0161UI=12 lilHIE NUMBER OF SIGNXJICNT iUwILS uESI':E. 
) txjER UiD. MtiFTI'q)XI 0 I I NI G  N ,P .I -"Id)VO ;X-fTJ.ON IF !P-I 
NET '500 M&CXIUIM NUiiBER OF trERAgIMSff fu BE USED 
C
 
. I .,iSt ikbvF; v uILM: f:LHLL .i1UwN.( ;N iJ~: T 1 o BI'iI 1I. H2 ' f Z' 
.fr: (T[ * E(, 'G io) fiE, 5, I(o.0O
 
10000 FORAT(.TI/ ;*A JAUOBIAN RELATED iHATRIX thS SINGlIL.AR-'/ 
I4'i.DrCATIVE OF !HE PROCSS 'BILOWfNO'-UIP ;...** 
WI .115E C 5 C0 00,'L ) NI F 
10001 FORMAT( ' **NMtJNBER OF ITERATIONS = 13v Q':* "/1 
WITE CS .100u4) 
.10004 FORM ', ' **FEEDBACK COEFF.CIEN FS4/) 
WRITE(5yl,0002)CNAME(J)X(.J)J=.,N) 
10002 FORiT(i'OXA3" ' ,D125) 
RETURN 
END
 
-SUBROUT:NE VKT14F CX, Y ,K)
 
IMPLI CIT REAL*8 (A-, 0-7)
 
OiMENStON X( ) nRSR(.0,1)
 
COMMON (I,:SX , I(SF AI\SS , , J , E "F n (
G=XQ(1)
 
H=X(2)
 
Q=X C4)
 
R=X(5)
 
('=X(6)
 
G01=-Bo'o
 
G2=-b*(H-+ KSX)

".A*f,
 
G4:=-E*F
 
GS='-E*( Q+ANSP)
06 -.-I-*R
 
G7=0
 
G8=-F*W
 
G9=-FT+AKSS)
 
C---FHE VECTOR ARSR(v15I) CONTA(NS THE COEFFICIENFS OF THE N-TH
 
C--- DEGREE POLYNOMIAL ORDERED FROM POWER N 'O POWER 0 UF X -­
-
C-- -ARSR(Isi ) IS THE COEFF IIENI OF X**N ARSRIy(vI.) IS THE CIEFf 
C --- CTENT OF X**(N-i., EFC# 
ARSR(1y1 )= ,--G3-G7 
GO ro (0L23Y00060400'yI
:1 	 nRSR ,"2 1 ) =-GJ:-04-G8+G :1.
t7+O3,:tG8
 
Y=ARSR(2 1 ) /ARSR(. 1 ) -- 0 (2) /1'D I ) 
RETURN 
2 	 ARSR(3 )=-02-5- -9+G.*04+1*GS'+2,,G7+,03*09 14*.8 
Y-=ARSR(3, I)/ARSR( l)-DB(3)/DO(1) 
RETURN 31 ARSR ( hi. .--- q6-Gil 0±Ui.*lu5-C I,%09F0-2.G4u-2;,38GS+us*3.LO 
&.4,G9 H55*0G-01c04* 
),ARSR (, 'l)
Y=4ARSR (4,1  	 -DO (4)/Od
 
HE TURN
 
:.WiX-- :l-'0+G2*GS-; u2,RS-P+-

S, +G6"*G8-G2;O4;G83-G 1,it(SbGS-GI*G.4*.39
 
4 	 ARS'R (5y Gt+G L*[ hicG1:/.IG$;;lq~ 
Y=ARSR(5v1)/ARSR(:[i)-DD(S)/DB(-i) 
RETURN 
5 Table 2-1. (Continued)
AR ,.R(6 .1 ) -b.2*G6+"G2*GUi 0 rO ,U[+ "G G,*, < G.{G4
 
-G2tcG44U9-0t1j.tb*G9-k31*G~4>XGIO
 
"rARSR ( )/AfSR i i )-fit (6) t C(
 
flh~~~~1((Sri) - L:., , ,G5 	 6 C I w-.;zxI.G[0-

RE URN
 
6 ?4Y=RS(91)/tRl5'j"1 ) (")/ tIc . u1O~
 
C=ARSC 38, )/ARSFBQ 1)-OD ( ) 'Do'. !)
 
.EL* X (-..-' .. ,,2W6hWC'.') .1I0.1OYR PO7~ / iC (I F LS 

Y=R ' V, 1) C I1 1)-:'f (9'-)/[if >
 
S 4i,,Ii ('2,'i':1,'J, )' " L-O(L DHF 	 ~ FE 
.1.4RS-R. (13 

C ETL)RN
 
EN£Li
 
REiL_:.*{,8 X(J" ' 7-)U
 
0 ..TE. C"
1IfENS LON
C;X*.,,* 	 THE F'ARAMETE?.RS NITrWSIGyIWO7 £iThRe ARE' NAX,,LT' NUrjIGO~..IqL;UL-.l.,.INr-

ERk TFHE Nf (1 N-il . H4'
L-C,*,i. SUZOU NEOF-: OiLi3OFTHl 316 RElLSF.ECTJ.VLY" ,IrVYJ.E'- zCUE( £, 2) 
C .,,*$, ARE: UB ] ,) NPARTC(.E). ... 'CFE(TY.i43) IJ i:), RL a. 

?t, j'iRG= 1
 
R1-LC=L 	 0. * C -USIG )
 
DO 9[ 	M=:lNIr 
ITER'10 )=Jo 	 ORIGINAL PAGE IS 
IFC KGT.) CILL 	 OF POOR QUALIT 
"[ 	 LLY=O0
 
DO 20 JA=R!-N
 
i:TEI= 1N'ER N 1)-F

CA.r-LL VKT11"( YFP
,1-- U83y)HOL=X C"1FEHPO) 
XC IATE' )E"=HOLD+IH
 
£F(NG'T.C1) CALL TiSUBTCNHN9 X8COE,.,i, ERL)
CALL UINTI VI-
CX EPL'[US, 7
 
CUE: (I.TEP - N+2 ) .= CFF'LUS-F )/j
 
X C ti EMiF ):=HOLD
 
C3=zfABS(CC0E( fTE~fi" yN'+-) )
 
]I--(C3,I-O,CJ ) GO TO i.S,
 
C4=BABS(F/C3)
 
IF(C4.LEC2) GO TO 20
 
1 LLY=LLY+1
 
20 CONTINUE
 
IF(LLY*LE(N--K)) GO TO 21
 
FTR=FTR*10
 
IF(FTi.GT-O05) GO TO JOo
 
00 TO 	11
 
21 	 1FCNLT.) GO TO 22 
I-(C34 E:,C.) GO TO 100
 
CUE , N+;L ):0 .£0f
 
GO TO 	41
 
22 	 KMAX= I'TER 'K,N)
 
DMAX= DABS CCOE (KAXv N f2))
 
NPLUS=K+:1
 
Table 2-1. (Continued)
 
DO. 30 	 I:KPUSyN 
J.UL=NTER (K I) 
"ES'=IABS ,C E (JSUI ,. i2)

1T1-F EST,1L'T..tifA/) GO TO 2'
 
BN A X "=TEST
 
J:PrTr'R C1KV'.I.- S!., . ) :t-iiIA\
 
KiiM-;(:.dStfL'
 
GO To 	 3O 
21i F cIkT-iLUS .1)=JSUa 
30 	 CONTINUE
 
'F&CO 1.flS'(COEC ) GO TO 100 
INTER (MYN+ 1 ) =NMAX 
KAXNMN-?2. 	 0EQ.Cl 
COEC(yN+1. )=0 0
 
DO 40 J=KPLUSYN
 
JSUB= I NTER(fKPLUSYJ)
 
CUE '.K.,JSUB ) "--COE ( JSUBy N+2 ) /COE (KiAXv,H+2) 
40 COE(KN+i. )=COE(KyN+1)+COE(JSUBYN+2)*X(JSiUB) 
41 POE (K N :L. ) = (COE (K 1,4+' )-F "/COE CKHAX t+-2) +X (KNAX) 
50 CONTINUE 
X(KMAX)--COE(NN+1 ) 
IFCN&GF£) CALL £D\SUtTCNYX,£02,riNTERYL) 
IF(M.E. I) GO To Go 
O 60 I=IN 
IF (X(I).EQ.C1) GO.TO 58
 
CR=DABS( (COE(IN+3)-XQi) )/X(T) )
G3O TO 	 59 
58 	 CR=IDAS(COE(IYN+3))
 
59 IF(CR.GT,RELC) GO TO 70 
60 CONTINUE 
NVLERG=HVERGf 1
 
IF'NVEIR6JGESS) "f0 J11
M 

60 TO 80
 
s0 	 DOU 90 f=LyN 
90 	 COECTNf-)=X(I) 
IF(IF.EO.0) GO TO 91 
WRITE(6,200) MY(X(1)Pf=1YN) 
200 	 FURIIAT(I.0,43020 l0/OXi'U020.:l0) 
91 	 CONTINUE 
RETURN
 
100 	 ING=0
 
RETURN
 
L1 NIT=M-J.
 
RETURN

EN :a
 
SUBROUTINE, BKSIBT(KNyPX, CUE INTERvL)
 
REALS X(i),YCOE(LI)
 
DIEiNSIiUN £NfER(LI.)

KN=-K-1 
DO 20 	 .I=,KN 
KM= K- i +1
 
KMAX=.:N FER (KM-i-:. iN+ Y
 
X(KMAX) 0,DO
 
.D0 10 J=NIIHN
 
JSU= I[;4 TER ( KN ,J) 
10 X (Ni"MAX)'X <JNAX)+COE CH -Nl JSU. :*X CJSU) 
20 X(KMAX)=X(KHAX)+COEkM- 1+1) 
RETURN
 
ENn
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2.4 Time Responses of the Analog ASPS Designed by Pole Placement
 
The time responses of the closed-loop ASPS with the analog controller
 
des.igned by the pole-placement design conducted in the last section are
 
studied by computer simulation.
 
The listings of the computer simulation program are given in Table 2-2.
 
The initial values of xl(t), 41 (t), and 42 (t) are:
 
- 3
 
X1 (0) = 2 x 10 
l(0) = 0.013 
2O) = 0.013 
It should be noted that no nonlinear characteristics are considered in the 
system model and the simulations. 
Figure 2-5 shows the time response of xI(t) with the indicated initial 
condition. As indicated, the time response of xI(t) decays to zero very 
rapidly, and the vertical axis of Fig. 2-5 is in a logarithmic scale. 
Figure 2-6 shows the time response of Ck(t) with the given initial condition. 
Again, the response decays to zero so rapidly over the 4-second interval that 
the vertical axis is in logarithmic. 
The response of t2(t) is the fastest of the three, and a time response
 
plot could not be made realistically over a 4-second time interval. Thus,
 
the values of the response of p2 (t) are tabulated in Table 2-3.
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Table 2-2. Computer rogram For the Siruulation of the Analog ASPS 

with Controller Designed by Pole Placement
 
EXTERNAL. -CFOlUUr-P 
UXMC iC.01,0 i.,, Fll, L.l i Yi. i4PPH1:2v H T Fr:OP ,.kR 
;K it,'; 
LH'EI N i, ' , :'.l ~t.- / J:SI\ E,:r'~[C '31tt O nT ' :ll " ' .. 
,' NF'I- 'f 1U iT . 2,: LJ.N 
!Lvi-
L I:iWi=0 
H"--0 -
FENEiWiO00. 
"HTt=O , E'T 
rIz'rr%. 29 
TTNT=O.5E-3
 
IE.T CUIPITTIUNS.- - .:41. 
X=2, 0E-3 
PH1 1=0,013 
PHI MN=0,
 
I"H 2='0.+013 
PH2DT=O ORIGINAL PAGE IS 
PH12N=O OV POOR vQUALIfl 
AKSX=1 .051
 
AKSP=0 005
 
nRSS=0 +005
 
nj =50W 
n3-280,5 ' 
U=J.956 
no = * 
C0=Al I"*RB/A33
tio=A /AW, 
E=I. ... 
F=1 I/AJ 
DEL FA=1. -nO,,O-D0 
T=O+
 
NF'RT=O
 
PRMT(3)=TINT 
PRMT (4) =0 + 05*X 
DOt 99 108­
99 IER ( . -0. 125 
FRMT (1 ) =t 
-RMT( 2) =TENL 
MW '
 
Y(2)=XLoT 
y (M> -PHi. IN
 
Y( 4)=PHI1
 
A(5)='IHIIT
 
Y (6) =IPH121N
 
Y (2) =FPH 1.2
 
Y (EMP
:FH 12BT 
(PRHT DElY iIM FCTC;ALL 1',K0 Y  ILF OUTPF A UX) 
STOF 
ENE, 
T 
Oh''liT-­
59 Table 2-2 (continued). 

SUkD;CIITINE FLY (AX H? C'TRY
 
DIiMENS ION Y (3 2 Ek (
 
4.LyU2 V3 i-i fliD~k'PT'r $l ~ R 	 N­ATk!TY-, lF; D CIEL Y 
3~~cAWOPO VPE TENDP 
a N4PR Frttki V2 y 1-03 'L4 
DERYC 1 =Y(2) 
DERY (2).=t.(-V1*D0-sAKSX*BO*Y (1)) * (1*-DO)+iAOk (C-'2-AlsSP;*Y t) ;1: 
f-CY3+AKS3*Y (7)> **D0) )/DEL FA 
DERY(3)Y4) 
LiEfRYW=Y(5)
 
OERY(5)=( (--V2-fKSPlf(4)*E-(Ui &ANSX-fY(i))I*ICO
 
DENY6)=Y( 7) 
bLIRY (7J= 1)
 
DERY (3)=(k-v3AKSS*Y(? )*E* 1 ,-A0MC0)+(Y2+flKSP*Y (-4L' 1­
+ (V2+AKSX*Y CA) ) x<a*C0./fELTfl
 
RETURN
 
END 
*SUBDROUTINE OUFP (XX YY tERY IHLF.NTIM 'PiUMT) 
DIMENSION C(S) ;DERY(S)&,RM:(S) 
COMHON X XDUT PHPHIHE 41:DT PHIL INYPHI 2'PHI.2t'F PH-121W 7 
&VY1 42yV3&JAJ I v~AKEX flRSPw nKSS -A33Y TPR fYRO YDEL TmF 
& AOvfl0vC'O0YEPYENDY1
 
iNPR F X 1YYV2y 103yL ENE
 
IF(AX.GT. fEr4D) I-R?1i(5A--L
 
XcXXLT YP; T*FL0flT CNPlRI) ) RETURNJ1<
 
L INE-L.:NE+ I
 
WRIfE(6Y10) IHLFY)XY(YCX>rl..iyQ
 
P1I l Yi'( () 
PHI I .Y . 
PH4121Njt-fW
 
WRITE(57J.0) THLF;XX7 CYCf)YI=1Y8)
 
LI pfL:-:o
 
200 	 RE TURN 
END 
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Table 2-3-. Time Response of € of.The ASPS With The Analog
 
Controller Designed by Pole Placement
 
Time (sec) 	 2 (t) (rad)
 
-2
1.3 x 10
0 

-4.342 x 10-3
0.25 
0.50 	 -3.43. x 10
- 4 
1.626 x 10- 4 0.75 

- 5
-1.30 101.00 	 x 
75.361 x lO­1.25 

1.50 	 7.984 x l0 - 7
 
-6.162 -x10-8
 1.75 
2.00 	 3.742 x 10- 9 
2.25 	 -2.212 x 10
- I0
 
9.579 x 10- I I 2.5 
-
1.834 x l0ll
2.75-

-

-2.312 x 10 13
3.00 

7.007 x L0-! 3 3.25 

9".04 x 10- 14
 3.75 

III. 	 SAMPLED-DATA CONTROL OF THE ANNULAR
 
SUSPENSION AND POINTING SYSTEM (ASPS)
 
3.1 	 The Sampled-Data Controller
 
The sampled-data controller for the ASPS is obtained by incorporating
 
sample-and-hold 	devices in the control inputs for the dynamics of x], and
 
same feedback gains as designed in the analog controller. The
2' using the 

design objective is to select an appropriate sampling period T for the sampled­
data ASPS.
 
The sampled-data ASPS is represented by the block diagram of Fig. 3-1.
 
The Q blocks represent the effect of quantization which will not be considered
 
at present.
 
3.2 	 Stability Analysis of the Sampled-Data ASPS by the z-Transform
 
The signal flow graph representation of Fig. 3-1 is shown in Fig. 3-2.
 
The following equations are written directly from the signal flow graph. 
Fb KP K~ G1 . K °+--K 1- I+°I 3 41, h(--sL ' 	 3-5°1°°h(-Lr[1rGfl - G- G5+ G3Grlu" - eaGh p+ r r u 2 
LIL 3 s j)J 
+ adfGh Kp + Kr juJ/A 	 (3-1) 
S 
hL2 s 	 3bCGrK Ki]lGl-	 GI- G5L2= 3 +K2 - -	 u. - e5 h 3 +K2 -i- UKF-I-- +GIsu 
2
s s
 
K 	 K K KI KGK)
II + + II G 
d 5 53=fcGh[3 + 	2+1 uj 

2 	 5 3 J 
hT s2
 
- hfG{ ' + K5 + I4 1 - G1 - A+G1G3 u IA 	 (3-3) 
b~s s2 
T +- T T 2 ' I 
L -
-­
111Fiur Bloc dKga ofhthKSSwt h aplddt otolr
 
Iu* u *- u * 
-l 
c 
-bK -eK "fKs2 
xlx 
G K3-I-K 6 - 5 -K 
uI T '2 -4T u3 
3 
a 
-d 
Figure 3-2. Digital signal flow graph of the ASPS. 
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where
 
Gl 	 = -bKs/sL 
G2 	= ac
 
= -eKsI/s
2
 
G3 

G4= d
 
2
 
-fKs2/S
G5 = 
Gh = (I - eTS)/, 
A =1- G - G2 -G3 = G4 - G5 + GIG3 + GG4 + GIG 5 + G3G 5 + G2G 5 - GIG3G5 
Taking the z-transform on both sides of Eqs. '(3-1) through (3-3), we have. 
U1 (z) = U1 (z)+ _ U2(z) + 4.j U3 (z) (3-4) 
GD 
 G GF
 
U2(z) = d. Ul(z) + I+1 U2(z)+PA U3(z) 	 (3-5) 
G
 [GI]
u3 (z) = <9 U1 (z)+ U2(z) + 63(Z) 	 (3-6) 
whe reK 
Gwee -bGh + K [1 63 - G4 G + G35A h 2 s 3 5 3 
GB = -eaG h + - G5 
GC = adfGh[ + r 
+6D 	= -bc~h(.-2+- [ 
E = -eGhL -+ r&+i 1 -i - - - GiGsl 
GI = bcG K3 +-K2+ - m 
F = dfGh 2+ 1( K+ I 
s2 3 
F hs" s3 1 5yGj eGh I ( + -- ll G2
 
GK K K4=­
s s 5
 
Gj eh(' ++++3J(1 - G11
 
67 
=GK-sf + 3+ - GI - '2 - G3 + GIG3} 
Substitution of GPV 2, 3 G5 and Gh into the last nine equations, we can show
 
by partial fraction expansion that the functions GA/A 
, 
GB/A, Gc/A , GD/A, GE/A'
 
GF/A, GI/A, Gj/A, and GK/A are of the following form:
 
2(l e-T) il ai2s + b.12W2 a i3 s + b i3 W3 + a,4 J 
- s) fails + 3 7 Gis) = 2(1 - e T bi 1 l 
where i 

aAl 

aA2 

aA3 

aB 

aB2 

aB3 

aCl 

aC2 

aC3 

aD] 

aD2 

aD3 

aEl 

aE2 

s 2 + 2 
= A, B, C, D, E, F, I, J and K.
 
-3
 
W1 = 1.31014xlO
 
3
 
2 3.55991xi0-

W3 = 3.77726x]0-2"
 
-6 

= 7.6593401x10 
= -5.2124686x]0 "4  
= 6.894976 
-3 

= -3.177573x0
 
= -7.8558545x1O 3 

= 3.5257182 

4

= -6.6321553x10­
-2  

= 3.643274540
 
= -3.5504543 

= 1.1863223xi06 

= 3.9724468xi05 

= -1.583584xi06 

= -6.1833492x ]08 
= -2.7868194x]0 7 
s+. + a ~.w + T1(72
2 2 3
 
s 
bAl 

bA2 

bA3 

bBl 

bB2 

bB3 

bcl 

bc2 

bc3 

bDI 

bD2 

bD3 

bEl 

bE2
 
+ W2 s2 + W2 
= 5.2968403x]0 -2
 
= -1.3266373
 
= 1.653877x]03
 
= -2.1974837x10 I 
l 
= -l.999412x0
 
= 8.4570434x102
 
= -4.5865363
 
= 9.272583×101
 
= -8.5163773xi02
 
2
 
= -l.3711851xlO 
= -l.2475924x102 
= 5.2770228xi03 
= 7.1468909x104
 
= 8.7523256x]03
 
68 
= -6.1434254xiO 2
 aE3 = 1.8435832XIO5 bE3 

O9
 
aE4 = ].2920375xl
 
bFl = 1.4916845xO 4
 aFl = -1.2905753×O8 

aF2 = ].2924317x108 bF2 = -4.0590328x10
4
 
aF3 = -1.8564023x]0	 5 bF3 = 6.1865076x1O 2
 
* 	 = 2.3031281x10 4 b = -6.5239325
 
5 b 7 1.31894]xlO 2
 a£2 = -17136123x]0
 
12 12432861
 
= -1.2113775xlO 3
 £i3= 1.4832586x]b0 

* = -1.2004364xiO 7 	 bjl = 3.4004041x10 3 
aJ2 = 1.202163xiO 7 bJ2 = -9.2528628x10
3
 
4 bJ3 i.4102663xi02
a = -1.7267858lO
4
7 	 b = 4.4651788xI0
*K1 = -5.80131×x0
 
7.1.350445x10 2
 aK2 = -2.5188685xi0 6 bK2 

a 3 = 4.4225387xO
5 bK3 -3.6118882x10 3
 
8
 
= 1.2017944xiO
a 4 

aA = aB4 aC4 = aD4 aF4 a14 = aJ4 0
 
Equations (3-4), (3-5) and (3-6) are represented by the digital flow
 
graph of Fig. 3-3. The characteristic equation of the sampled-data ASPS is
 
determined by evaluating the A of the signal flow graph of Fig. 3-3. We have
 
GEG K ' G C G IG 
 F G ji
 
G G G C GD Gj GA GE GA GK
A~)=- (f-b4AE5 - ­((4)t 	 -! 
GA GF G GE GK G E G G
 
'()f)+ t ) + Y V0+ 
+ GAK GD G BG A GE G.K (3-8)
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G. 
fG G G 
A) 4-
Fiu 3-. D g t l s g a l w g a h of E s 3 3 , ( - ) a d ( - )
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Since wj1, w2 and w3 are small, and b..w. << a.. for i = A, B, C, D, E, F,
 
I, J, K, and j = 1, 2, 3, the z-transform of G./A can be approximated and
 
simplified. This is justified as follows:
 
+
(A] = 2( - I aAl s bA]I+ aA2s + bA2w2 aA3s + bA33­
+s(s2 + 2) si +ci4) s(52 + W 
ThenfaA]s+ bAlAl aAl zsin IT 
2 2S (2 + 0{J (z1 - 2zcoswj + 1) bAl .. z z(z - coscnIT). . . z- 2zcoscT+ 3 (3-10)J 
For small wIT, 
sinw T = wlT 
cosw 1T = 1 
Equation (3-10) becqmes 
raAls + bAll azT 
SS + W)j (z 1)2 (3-11) 
Thus, Eq. (39)becomes 
_A] ~ 2T (laA) 13-7889T 
VJ - 2z- 13 aA] + aA2 + a ) -z 7- 1 (3-12) 
Similarly, 
GIB]  + aB2 + a) 7.029369T 
- B2 B3 (3-13) 
GC .2T 
-7.029369T 
2 _ (aC + aC2 + ac) - - (3-14) 
[D] 
-
LA 
2T 
T 
- 1 
(aD1 + aD2 + 
aD) 
a )
3 
-34.04T 
- 1 
z -
(3-15) 
-K]zT- (2aE + 2aE2 + +aE4) HIT (3-16) 
71 
-2T 	 (aFI + aFzaF 3 - 46T (3-17) 
[GI]= - (3-18) 
z 12 13 z - 1 
dj 21 ( + aJ + - -3.71.6T (3-19) 
dA] zT (2a+ 2a2+2K a )= 10.7T 	 (3-20) 
Substituting these terms into Eq. (3-8) and simplifying, we have the 
characteristic equation as 
3 (3+ 13.49T)z 2 + (3 + 26.978T + 361.59T2)z - (1+ 13.49T + 361.59T2z ­
+ 687T3) = 0 	 (3-21)
 
It should be noted that the digital ASPS is originally a twelveth-order
 
system. Because w,, 2' and w are very small, the analysis conducted here
 
21 ~3
 
results in a third-order approximation with the characteristic equation given
 
in Eq. (3-21). When we neglected w,, w2 and w3' in essence we have made a
 
variation on the unit circle in the z-plane. Thus, the stability criterion
 
should be modified to Izi < I±s where s depends on the value of l, W2 and
 
(23. As a matter of fact, for small sampling periods, the characteristic roots 
of the system are all very close to the z = I point in the z-plane. 
The roots of Eq. (3-21) for T = 0.001, 0.01 and 0.1 sec are tabulated 
as 	follows: 
T = 0.001 sec z = 6.9372, 1.038 ± j0.0604 
T = 0.01 sec z = 1.0192, 1.0578 ±j0.175 
T = 0.1 sec z = 1.203, 1.573 ±j1.7478 
Although in a strict sense these roots are all outside the unit circle, 
and the corresponding system are all unstable, as discussed above, the roots 
for T = 0.001 sec are so close to the unit circle that if enough accuracy 
7-2 
were carried out in the analysis without approximation, these roots could
 
actually be inside the unit circle. In any case, for T = 0.1 sec or greater
 
the digital system is definitely unstable. As will be verified by computer
 
simulation results in the next chapter, the digital ASPS is stable for T = 0.001
 
sec and unstable for T = 0.1 sec, with the stability boundary being somewhere
 
around T = 0.0075 sec.
 
Therefore, the approximation conducted on the z-transform analysis still
 
gave useful results on the stability condition of the digital ASPS with respect
 
to the sampling period T. Because the characteristic roots of the system are
 
all very close to the z = 1 point for stable values of T, an accurate analysis
 
using the exact model is almost impossible even with the aide of a digital
 
computer.
 
IV. 	COMPUTER SIMULATION OF THE DIGITAL ASPS"
 
4.1 	 The Digital ASPS With The Sampled-Data Controller
 
Itwas discussed in the preceding chapter that the digital ASPS was
 
obtained by placing sample-and-hold units in the control inputs of the xl,
 
fl 
and 2 components, using the same feedback gains as designed for the conti­
nuous-data system. The z-transform analysis conducted in the last chapter
 
showed that the digital ASPS is unstable for sampling periods greater than
 
0.01 	seconds approximately.
 
The computer listing of the simulation program for the digital ASPS
 
without guantization effects is given in Table 4-1.
 
The simulation results verified that the digital ASPS neglecting
 
quantization is unstable for sampling periods greater than 0.01 second.
 
When the sampling period is less than or equal to 0.075 seconds, the
 
simulated 	responses remained stable. 
Figure 4-1 illustrates the time response of the xI dynamics when T = 
0.005 seconds. The initial conditions are: x1 (0) = 2x1O -3 and x (0) = 0.
 
Figure 4-2 shows the same response of xI for t greater than 6 seconds.
 
The vertical scale is changed to show the oscillatory characteristics as the
 
response decays to zero.
 
Figures 4-3 and 4-4 illustrate the time responses of and 2'
 
respectively, when T = 0.005 seconds.
 
Although the overshoots of the time responses of the digital ASPS are 
quite large for T = 0.005 sec., it can be shown that these overshoots are 
substantially reduced by reducing the sampling period T. 
4.2 	 The Digital ASPS With Quantization
 
In this section the effect of quantization in the sample-and-hold
 
channels of x,, fi and '2 is investigated by means of computer simulation.
 
Table 4-1. Computer Simulation Program of the Digital ASPS.
 
rIMFNS ON PrkMT(5) .f(M) pVERY S? ,niAUXfUv)
 
EXTERl-L FtT JOUTP
 
L V1 Y 2 V38 A ,AIF -ASX - .ErKSPASS :A33,'TPT. -'DEL rn 
NPRU YVIY.112, VS rLINE
 
OPEN ( UNIT=6 , BEV Ct.F- - DSK ' .l LE= FOR20, ,DAT',ACCESL= blLi4U I' 

TNSP-, 005
FI=O . 
TEND--lO. 
TPRT=O.05
 
TINT=0.5E-3
 
C--- -SET INITIAL L;ONO][TIONS
 
X=2,OE-3
 
XDT=OI
 $:'1.Iil0 * O:LA 
PHIiDT=O
 
PHIIIN=O.
 
P1112=0 ,013
 
FHT2D'=O.
 
PH'I2IN=0.A01->600 . 
rIKSX-=1. 051 
AKSP=0.005
 
AKSS=0 +005
(-W,=503.
 
A33=2805. II
 
Raw"L .956 
AO=RB
 
sO:=I ,/AmI
 
CO =A.*R1ki33
 
DO=AJ/A33
 
E=1 /A;33 
£ELTA=l . -A4(CO-D0 
PRMT (3)=TImr
 
PRhi'T(4)=0O 01*X
 
DO 99 1'4178
 
99 	 fERY(I )=0.125

*NtIIil-'-S
 
10 	 IFr(TGE.TEND) CALL EXIT
 
VI0 91338D5*X+O. 1008:LSh5*XtOT
 
V21=, 64602L7*F H:I 11N-F' * 562993D*F',P-IIJ. .-0 4894,.M3D5"'P I S IT
 
V3=0 .60090'16*FH12.[iq+O, 1299'26*PH12+o 11 756B5*F'II2'T
 
(T )F'RWhMT C 
PRMT (2)= T+f'SP 
1(1)=X
 
Y(2)=XDOT
 
Y (3)F'Ixi.
 
Y(4)=PHII
 
Y (65)=PI-2.[01N
 
Y (6)=F"H2IN
 
Y'(B)=PHi-2£¢r
 
75 
COLL RNBS(PRMTYYoDLRYYHDIM-IHLF-FCT;nHTPYCUN)
 
60 TO ik)
 
ENT, 
SUBMUTINE--
DIMENSIOm YMPBERM)
 
GOMM XPNDUTYPHilyPHIfUTYPHliiNyPHE2yOHT2DT-PNE21NPIY 
I 
 AOYBOYCOYDO EYFYTENDY
 
NPRTMIYMAYMINE
 
DERYM=Y(2)
 
+(Y3+AKSS*Y(7))TF*D0j)/DELTA
 
DERYV3)=YW
 
DLRy(4)=y(5)
 
DERY(5)"(C-Y2-AKSP*Y(4))*E-4o!+AKSX*Y(lj)APOtCO
 
+fVfAKSS*Y(7f)*D0*F)/DELTn
 
0ERY(6j=Yj7)
 
DERW)=Y(W
 
BERf(8)=((-VZ-AKSS*Y(?))*F*(I.-AO*CO)+(V2+WKSP*tk4))VIE
 
+kUl+AKSX*Y(l))*B0TC0)/DELTA
 
RETURN
 
END
 
SUPROUFINE OUTF(XXyY-DERYAHLFyNDlMvRRMT)
 
DIMENSION Y(SWERM85PRMT(5)
 
COMMON XFXDOTYPH!IYPHIIDTYPHIIINvPH12YPH12DFYPH12!HvTy
 
UIYV2yV3rAJYAMIYAKSXYAKSPYAKSSYA33FTPRfYRBYEEL!Av 
A0yb0yC0yD0yEyFTLNDy 
V &P&TylVlylV2ylV3&IHE 
P(MOVIEND) MAMMA. 
T = X), 
TF(XVLF.TPRT*FL0ATeHPRT)) RETURN 
LINE=LINE+t 
loo 
WRIFFKA00) fHLFvXXv(YQ)p5=! 9) 
FORMATCiXpl2yiXylPEIO 4tlP8EI1.3) 
X=Y(W 
XDOF=Y(2) 
PHIIIN=Y(3) 
PHII=Y(4) 
PHTIDT=Y(5) 
PH121N=Y(6) 
PH12=Y(7) 
PH!2DT=Y(8) 
NPRT=NPRF+l 
IKLTNE LFAO) GO TO 200 
WRIM5000) IHLFyXXy(W)yl=1-0) 
LINE=O 
200 RETURN 
END 
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The computer program listing is given in Table 4-2.
 
When 8-bit quantizers are placed in any or all of the input channels
 
of the digital ASPS the system is still stable, and no sustained oscillations
 
were observed. Figure 4-5 shows the phase plane trajectories of x versus x
 
of the digital ASPS with and without an 8-bit quantizer. The quantizer is
 
placed only in the x, channel.
 
Figures 4-6 and 4-7 illustrate the time responses of I and 2' respectively,
 
with the 8-bit quantizer for xl, and T = 0.005 seconds.
 
Figure 4-8 gives the phase plane trajectory of xI versus when a 16­
bit quantizer is placed in the x, channel only. The trajectory of x, with
 
the 8-bit quantizer is also shown in the same figure for comparison. Note
 
that for the same time instants the response of xI with the 8-bit quantizer
 
is greater than that of the response with the 16-bit quantizer. The phase
 
plane representation of xI is chosen because of the high oscillations in the
 
responses which make the time response difficult to plot.
 
Figures 4-9 and 4-10 illustrate the time responses of t1 and 02'
 
respectively, for T = 0.005 sec and a 16-bit quantizer in-the xI channel.
 
The overshoots in these responses are smaller than the corresponding ones
 
in Figs. 4-6 and 4-7 which are for the 8-bit quantizer.
 
Figures 4-11, 4-12 and 4-13 show that results on the responses of x,
 
and 02, respectively, when an 8-bit quantizer is placed in the 01 channel
 
only. The sampling period is 0.005 seconds.
 
Figures 4-14, 4-15 and 4-16 show the time responses of x,, l and 02'
 
respectively, when an 8-bit quantizer is placed in the 02 channel only. The
 
sampling period is 0.005 seconds.
 
Figures 4-17, 4-18 and 4-19 give the time responses of x,, @1 and 02'
 
respectively, when an 8-bit quantizer is placed in each of the three control
 
input channels, and the sampling period is 0.002 seconds. As mentioned earlier
 
the oscillations and overshoots are substantially reduced when the sampling
 
period is smaller.
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Table 4-2. Computer Simulation Programi of the Digital ASPS with
 
Quanti zat ion.
 
ODtI1T5JON PRciTv5'vYCS)Y0ERY cvi :pj>:C' W 
EX fEr-'dN)L FCF , OiUTP-
LINE=0 
TSP = 002 
C- ---
TEND=1 00 
lFRT=0,05 
T:ENT=00~E-A 
SElT INIT.IAL CONDITIOtNS 
OMIE-3 
XDlJT-WO 
I-HII=O.002 
PIHt2=0 .002 
PHRL2T-0. 
PHI 2IN:=0 
flHiJ=600. 
MKSX-'l.051 
fKP=0 ,005' 
n33=2u05O 
RD=J..956 
15 
BO.L./AMI 
CO=zfArI;*RD/A3 
00 J/r-S3 
DELTiY'1,-nOIC0-flo 
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PPHT (3)=:&J NT 
PRMT(44),005*X 
99 
to 
DERY(JD0.15 
NDt M=8 
IP(T.UE. rENt) CAsLL L,,1 
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CALL 
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GO TO ,30
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V. 	DESIGN OF THE ANALOG ASPS THROUGH DECOUPLING
 
AND POLE PLACEMENT
 
5.1 Introduction
 
In Chapter II the anaiog conrro iers OT tne Azrb are oesignea ror the control
 
of the x, 1 and *2 dynamics. The eight eigenvalues of the system are assigned
 
so that the overall system has an equivalent bandwidth of 2 Hz. We shall see
 
later that this is not an accurate description of the bandwidth requirements of
 
the system.
 
The analog controllers consist of eight state-feedback gains with no coupling
 
between x, l and 2. In other words, the input u, of the x component is affected 
only by feedbacks from x and x, the input u2 of the fl component is affected only 
by feedbacks from ffi, 1 and . Similarly, the input u3 of the 2 component 
is realized by feedback from the states f02' 2 and $2. Therefore, the three
 
independent controllers are essentially PID controllers.
 
The values of the eight feedback gains are determined by using the Brown's
 
method for pole-placement. The sampled-data version of the x, , and k2 dynamics
 
of the ASPS was obtained by inserting sample-and-hold devices in the three input
 
channels. Itwas shown in Chapter III that using the feedback gains designed
 
for the analog system, the sampled-data system is stable for sampling periods
 
less than or equal to 0.0075 seconds. However, this sampling period is still
 
considered to be too smal.l to be economical and practical for the ASPS.
 
5.2 Design of the Analog ASPS Through Decoupling And Pole Placement
 
As it turns out the desired bandwidths requirement of the ASPS is as
 
follows:
 
x1 dynamics 	 oo4 Hz
 
@I dynamics 	 10 Hz
 
l00
 
1 Hz
2 dynamics 

Since the t,dynamics is 250 times faster than the x dynamics, it is
 
virtually impossible to find an equivalent bandwidth of the overall system and
 
establish a general eigenvalue requirement for the system. Therefore, it is
 
necessary to decouple the x, 4, and 2 dynamics through state feedback and
 
simultaneously place the 'poles to realize the desired bandwidths for all, three
 
system components. The problem is stated as:
 
Given the system
 
(t) = Ax(t) + Bu(t) (5-1) 
where 
x xl 
x x2 
x(t) = 
f~l 
@1 
x3
=~)x4x (5-2) 
( I x6
 
x7
f 2 

x8
 
-8
2 

u(t) 2(t) (5-3)
 
u3(t) 
A is the 8x8 coefficient matrix and B is the 8x3 input matrix. The state feedback
 
is defined by
 
u(t) = -Gx(t) (5-4)
 
where G is the 3x8 feedback matrix. The elements of G are to be selected so that
 
the coefficient matrix of the closed-loop system, A - BG, has the foll owing form:
 
101 
A1 0 '0 
--- -I 
A - BG 0 A 0 (5-5)
- I 2.. I - ­
0 0 AI 3 _ 
where A is a 2x2 matrix for x
 
I 
A is a 3x3 matrix for ' 
A3 is a 3x3 matrix for 'P2" 
The eigenvalues of AI, A2 and A3 are so selected that the bandwidths requirements
 
are satisfied.
 
Referring to Fig. 2-I the A matrix of the ASPS has the following form:
 
0 1 0 0 0 0 0 0
 
a2 1 0 0 a24  0 0 a27 0
 
0 0 0 1 0 0 0 0
 
0 0 0 0 1 0 0 0
 
A =(5-6) 
a 0 0 a54 0 0 a57 0
 
0 0 0 0 0 0 1 01
 
0 0 0 0 0 0 0 1 
a81 0 0 a84 0 0 a87 0
 
The B matrix is written as
 
0 0 0
 
b21 
 b22 
 b23
 
0 0 0
 
B =(5-7) 0 0 0
 
b51 
 b52 
 b53
 
0 0 0 
0 0 0 
b8 1 b82 b83
 
where the a*.'s and b.. 's in the A and B matrices are given as
 
a21 = -0.61207568
 
*24 = -1.4844272 x 10-3
 
-
a27 = 1.4844272 x 10 = -a24 
a51 = -0.31202659
 
a54 = -7.589096 x 10
 
57 = 7.589o96 x]O - = a54
 
*81 0.31202659
 
-4
 
a84 = 7.589096 x lo

-4
 
*87 = -7.6884996 x 10
 
b21 = 0.58237458
 
b22 = 0.z9688544
 
b23 = -0.29688544
 
b5 = 0.29688544
 
b52 = 0.15178192
 
b53 = -0.15178192 
= -b52
 
b81 = -0.29688544
 
b82 = -0.15178192
 
b82 = 0.15376999
 
It is simple to show that B has full rank (rank =3).
 
Let the feedback matrix be represented by
 
531gl2 g13 g]4 g15 g2 6 g17 g 8
 
G g2b g22 g23 g24 g25 g26 27 g28 (5-8)
 
Lg3] g32 g33 g34 g35 936 937 938
 
Then BG becomes
 
103 
0 0 0 0 0 0 0 0 
(BG) 21 (BG) 2 2  (BG) 2 3  (BG) 2 4 (BG)2 5  (BG) 2 6 " (B) 27 (BG) 2 8 
0 0 0 0 0 0 0 0 
BG 0 0 0 0 0 0 0 0 (5-9) 
(BG) 5 1 (BG)52 (BG) 53 (BG)5 4  (BG) 55  (BG)56  (G)57 (BG)58 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
(BG)s1 (BG)82  (BG) 8 3  (BG) 8 4 (BG)85  (BG)8 6  (BG)87 (BG)8 8 
where 3
 
(BG) ij I bikgkj i=1,2,...,8, j=1,2,...,8
 
k=l
 
In order for A - BG to be a diagonal matrix, the following relations must 
hold: 
(BG)23 '23 = 0 
(BG)24 = 24 
(BG)25 '25 = 0
 
(BG)26 a26 = 0
 
(BG)27 
 a27
 
(BG)28 a28 = 0
 
(BG)5 1 51
 
(BG)52 a52 = 0
 
(BG) 5 6 = 56 = 0
 
(BG)57 857 
(1G) 5 8  a58 = 0
 
(BG)8! = a8
 
(BG) 82 = 82 = 0 
(BG) 83 = 83 = 0 
(BG) 8 4 a84a 

104 
(BG)85 = a85 = 0
 
These equations represent 16 equations with 24 variables in the feedback gains 
gij (i=1,2,3; j=r,2,...,8). 
For the present design, the x dynamics is specified to have a bandwidth of 
0.04 Hz. Since the x dynamics are represented by a second-order system, the
 
bandwidth of the system is given by
 
2 2 44 4 2BW = 1 - + - + 2 (5-11) 
If we choose the damping ratio to be 0.707, then
 
BW = w (5-12)
 
n 
where n is the natural undamped frequency.
 
Therefore, for the x dynamics, the eigenvalues are selected to be at
 
Pl ' P2 = a1 + ja1 (5-13)
 
where 0.04 x 27r
 (5-14)
al F -0 178 

The l and 2 dynamics are of the third order. However, we can use second­
order approximations by placing the real root far to the left on the real axis
 
in the s-plane. For this case we let the real root of the pI dynamics be placed
 
at
 
P3 = b2 = -200 (5-15) 
Then, the complex roots are:
 
P4, P5 = a2 + ja 2 (5-16)
 
where 2 2w x 10 -44.436 (5-17)
 
Similarly, for the C 2 dynamics, we let
 
P6 = b3 = -20 (5-18)
 
105 
Then,
 
= (5-19)
P7 P8 a3 + Ja3 
where 2w xl 4.4436 (5-20) 
The characteristic equations of the three decoupled subsystems are as 
follows: 
x component: (s - a, - jal)(s + aI + Ja1 ) 
2 2
-2a s + 2a = 0 (5-21)
 
component: (s - b2)(s -ja2)(s
- a2 - a2 + ja2) 
= (s - b2)(s 2 _ 2a25 + 2a ) 
2''2 2'
 
3

= s - (2a2 + b2)s2 + (2a + 2a b2)s - 2ab 0 (5-22)2
 
¢2 componwnt: (s - b3)(s - a3 - Ja3)(s - a3 + ja3)
 
= (s - b3)(s 2 - 2a s + 2a )
 
3 2

= s - (2a3 + b s + (2a2 + 2a b )s - 2a2 b -23) 
3 )3 3 3 3 3 0 (5-3 
If there exists a set of feedback gains such that the decoupling of the
 
subsystems x, 'Pand ¢2 can be accomplished, then the decoupled closed-loop
 
system will have the independent characteristic equations of Eqs. (5-21), (5-22)
 
and (5-23).
 
Let the matrix A of Eq. (5-6) be written as
 
A = I A 2 X (5-24) 
I 33 
where A denotes a 2x2 matrix, A2 2 and A33 are 3x3 matrices. The submatrices
 
denoted by X contain elements which are unimportant for the immediate development.
 
In view of Eqs. (5-5) and (5-9), the decoupled x dynamics with state feedback
 
can be expressed as
 
A (5-25)
 
where
 j= jA1 = A11 - (5-26) 
=A 21[BG)(BG)22 21 - (BG) 21  (BG)2 
The characteristic equation of A1 is
 
Isl 
- =sA1 
a21 - (BG) 21 s + (BC) 2 2 
2 (BG)22s - a21 + (BG)21 = 0 (5-27) 
Similarly, the decoupled 4,dynamics with state feedback is described by
 
Fx x3
3 

(5-28)
 
x5 x5
 4
L
= A2x 

where
 
A2 =A 22 - 0 0 
LBG) 53 (BG) 54 (BG) 5 5 
01 0 
0 1 (5-29)
 
(BG) 53 a54 
- (BG) 5 4 
 -(BG) 5 5 
The characteristic equation of A2 is 
I s -1 0 
-1Isl -A21 = 0 s 

(BG)53 -a5 4 + (BG)54 s + (BG)55
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S5s + ((BG) 54 - a54s + (BG)53= 0 (5-30) 
For the 2 component, the decoupled closed-loop state equations are 
x6 x6 
'A3 x7 (5-31) 
x8 x8 
where
 
A3= A33 0 0 0 
L(BG) 86 (BG)87 (BG)88] 
01 0 
0 0 1 (5-32) 
(BG)86 1a87 - (BG)8 7 -(BG) 88
 
The characteristic equation of A3 is
 
s -- 0
 
Isl -A 31 = 0 s -1
 
(BG)86  -a87 + (BG)87 s + (BG.)8 81
 
= s3 + (BG)8 8 s2 + ((BG) 87 - a87)s + (BG)86 = 0 (5-33) 
For pole placementin order tc meet the bandwidth requirements, the corresponding
 
coefficients of the characteristic equations in Eqs. (5-27), (5-30) and (5-33)
 
must match those of Eqs. (5-21), (5-22) and (5-23), respectively.-

Thus, for pole-placement, 
2 2 2 
- 2aIs + 2a1 --s + (BG)2 2s + (BG)2 1 - a21 (5-34) 
S3 (2a2 + b2 )s2 + (2a2 + 2a2b2)s - 2a2b 
= s3 + (BG)55s2 + ((BG) 54 - a5 4)s + (BG)53 (5-35) 
I08
 
s3 - (2a3 + b3)s2 + (2a2 + 2ab)s - 2a3b3
 
= s3 + (BG)88s2 + ((BG) 8 7 - a 8 7 )s + (BG)86 (5-36) 
Equating the like coefficients in the above three equations, we have
 
(BG)2 2 = b2lgl2 + b2 2g2 2 + b2 3g3 2 = -2aI
 
(BG)2 1 =21gll + 22g21 + b23g3l = 2a1 + 21
 
(BG) 5 5 = b5ll5 + b52925 + g53935 -(2a b2)
 
(BG) = b +bg + b = 2a2 + 2ab +a
 
54 51g14 5224 5334 2 2 2 4 (5-37)
 
(BG)53 
 b51g13 + b52g23 + b53g33 
-2ab2
 
(BG)88 = b81g18 + b8 2g2 8 + b83g38 = -(2a 3 + b3)
 
(BG)87 = 81g17 + 8227 + b83g37 =2a +32a3~ 3 + a 8 7
 
(BG)86  8gl6 + b82g26 + b83936 = -2a3b3 
Notice that the 16 constraint equations on the feedback gains in Eq. (5-10)
 
are conditions on decoupling of the three subsystems, whereas the 8 constraint
 
equations in Eq. (5-37) are the conditions for pole placement. The 24 constraint
 
equations contain 24 unknowns in the elements-of the feedback matrix G, gij i=l,
 
2,3, j=1,2,...,8.
 
The 24 constraint equations in Eqs. (5-i0) and (5-37) can be written as
 
WG= C (5-38) 
where - 22
 
W = b5 b52 b53
 
b81 b82 b83
 
G is the feedback matrix given i'nEq. (5-8), and C is a 3x8 matrix whose elements
 
are composed of a,, a2, a3, bl, b2, b3' and a.j, i=1,2,...,8, j=1,2,...,8.
 
The feedback gain matrix G can be solved form Eq. (5-38) if W is nonsingular.
 
109 110
 
G = w-IC (5-39)
 
to be nonsingular, it is necessary and sufficient for B to have full rank.
 
atrix
 
or the system parameters given for the ASPS, the feedback matrix is solved
 
q. (5-39), and the results are given as follows:
 
= 36.449
g11 

= 212.4
gl2 

gl3 = 9.256981248 x 108
 
x 107
 
-2.5471626624
g14 = 

g15 = -3.3892568 x 05
 
= 0
9l6 

917 = 0
 
= 
g]8 0
 
7335
g2l = 
922 = -415.4544
 
g23 = 2.2126125552 x 109
 
924 = 6.0882526771 x 107
 
g25 = 8.1012732 
x 105
 
926 = 3.96750304 x 105
 
= 
927 1.091703152 x l0
5
 
928 = 1.452664 x 104
 
g31 = 0
 
932 = 0
 
933 = 3,96750304 x 10
8
 
934 = 1.091703152 x 1O
7
 
935 = 1.452664 x w05
 
936 = 3.96750304 x 105
 
PRECEDING PAGo L 
9.998x10 -I 1.999x10 -2 0 -2.968x10-7  -1.979x10-9 0 2.968x10-7  1.979x10-9
 
-2 - I 	 -7 7

-1-224x1o 9.99 8xi0 0 -2.968x]0 -5  -2.968xi0 0 2.968x10-5 2.968x10­
7 -4 -9 -12
 
-4.160xi0- -2.080x10-9 1 1.999x10 -2  1.999x10 0 l.011x10 5.059xl0
 
-5 7 - -2 	 -9

-6.240xi0 -4.160xO - 0 9.993xl0 1 1.999xl0 0 1.517x10-7  l.011xiO
 
3 -5 -5  -1 5 -7

-6.240x10- -6.240xi0 0 -1.517x10 9.999x10 0 1.517x10- 1.517xi0
 
-2 -4
 
-7 	 - 12 1 1.999x10 1.999x10
4.160xi0 2.080xi0;9 0 1.011×10 -9  5.059xi0
 
-5 7 -7 -9 - -2
6.240x10 4.160x10- 0 1.517x]0 1.011xO 0 9.99SXI0 1.999x10

5 
-7
6.240x10 3 6.240x10 5 0 1.517x]0 1.517x0 0 -1.537x10-5 .9.999x0 1
 
(6-12)
 
5 
 5 ­1.164x10	 -4 5.937x10- -5.937x10
­
-2 -3 3
1.164x1O 5.937x10 -5-937x10­
7

-7
3.958x10 2.023x10-7 -2.023x10­
5
5.937x10-5  3.035x10-
-3.035x10-5
 0(0.02) 	= (6-13) 
-3 	 -3
5.937x10-3  3.035x10 -3.035x10
 
-7 -7

-3.958x10-7 -2.023x10 2.050x]0
 
-5 - 5 -5

-5.,937xI0 -3.035x10 3.075x10

3

-5.937x10-3  -3.035x10- 3.075x10-3
 
For the same bandwidth requirements described in Chapter 5, the following 
eigenvalues are selected in the s-plane: 
x component: (0.04 Hz bandwidth) 
Pl' P2 = -0.178 + j0.178 
h,component: (lO Hz bandwidth) 
P3 = -200 
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P4, P5 = -44.436 + j44.436 
*2 component: (I Hz bandwidth)
 
=
P6 -20
 
P7 ' P8 -4.4436 + j4.4436
 
Ts
Using the transformation z = e , these eigenvalues are transformed into 
the z-plane. The corresponding z-plane eigenvalues are: 
x: zI, z2 =.0.9964457 + j0.0035417
 
@1: z3 = 0.01831564
 
z4, z5 = 0.2592945 + j0.3191948
 
*2: 	 Z6 = 0.67032
 
z7, zB = 0'911366 + jO.096987
 
The condition of decoupling of the closed-loop digital system given in Eq.
 
(6-8) results in 42 constraint equations. This is due to the fact that Eq. (6-8)
 
represents 64 scalar equations, but there are 42 zero elements in the matrix.
 
The pole placements of the eighth-order system would produce 8 more constraint
 
equations, so there are only 24 unknowns in the feedback matrix G. Therefore, in
 
general, there would not be a set of solutions with more equations than unknowns.
 
However, a closer look at the elements of (T) and e(T) reveals that some of the
 
elements are extremely small so that a good approximation can be obtained by
 
assuming that these small elements are zeros. In other words, the state transition
 
matrix *(0.02) given in Eq. (6-12) can be approximated by the following matrix.
 
-  -
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9.998x101 1999xO 1I0 0 0 10 0 0
 
-2 -5 -7

-1.224x10 9.998x10-1 0 -2.968x0 -5  2.968xiO77 0 2.968x10 2.968x10
 
0 0 1 ssiO2 1.999xi0-4 10 0 0
 
I - -1 -2 
0 9.999x10 1.999x10 1O 0 0
0 0 

-6.240xi0 - 5 -4.160xi0 70 -1.517x10 - 5 9.999x10 -1 0 1.517x10 -5 1.517x10
-7 
o 0 0 0 0 I i 1999xo 2 1.999x10 -' 
1-1 

-2
0 0 I0 0 0 I0 9.999xI0 1.999x10
 
S57 1 -5 
-l

-6.240x10- 3 6-240xO-5 '0 1.517x10 1.517x10 1 0 -1.537x10 9999x10 
(6-14)
 
Similarly, we can approximate 0(0.02) by the following matrix:
 
0 0 0
 
-3

-5.937x10
1.164x10 -2 5.937x10 

0 0 0
 
0 0 0
 
8(0.02)= (6-15)
 
-3
5.937x]0 3.035x10-3 -3.035x10-
3
 
0 0 0
 
0 0 0
 
-3

-5.937x10-3 -3.035x10 3.075x10
-3
 
Then, the matrix e(0.02)G becomes
 
116 
0 0 0 0 0 1 0 0 0 
(06)2 (06) CG) COG) (s) (G) (G) (OG)21 22 23 24 25 26 27 28 
0 0 0 0 0 0 0 0 
0
0(0.02)Gs. 0 0 0 0 0 0 0 
(BG)5l (0G)52 I(o6)53 ('0G)54 (OG)55 l(0G)56 (0G)57 (0G)58 (6-16) 
--
1I I
 
0 0 0 0 0 0 0 0
 
o o 0 0 0 I 0 0 0 
L(BG)81 (06)82 (0G)83 (0G)84 ( 85  IG)G (0G)87 (0G)88 
Based on Eqs. (6-14), (6-15) and (6-16), the following 16 equations are 
obtained for decoupling the 
€ - OG matrix: 
(0G)23 = 021913 + 022g23 + 023933 = 23 =0 
(0G)24 = 021g14 + 022924 + 023934 = 24 = -2.968x10-5 
(0G)25 = 021g'5 + 022925 + 023g35 = 5 = -2.968x10-7 
(8G)26 21 16 + 022g26 + 023g36 = '26 = 0 
(G) 27= 02g7 + 022927 + 023g37 = 027 = 2.968x10-5
 
= 028 = 2.968xi0-7
(0G)28 = 021g18 + 022928 + 023g38 

(OG) 51= 051gll + 052921 + tj5 3 9 3 1 = 51 = -6.240xi0-5
 
(0G)52 = 051g12 + 052922 + 053932 = =52 -4.160x10-7
 
(06G)56 = 051g6 + 052926 + 053936 = 056 =0
 
(0G)57 = 05917 + 052927 + 053937 = 57 1.517x]0-5
 
¢58 1.517x10-7
 (6G)58= 051g18 + 052928 + 053938 = 

081gll + 082g21 + 083932 = 081 = 6.240x]0-3(0G)81 = 

11T
 
(eG) 82 = e81gli + 882922 + a83g32 = 082 = 6.240xi0-5 
=
(OG) 83 = 081913 + 82g23 + 83933 = 083 0
 
(OG) 84 = 68114 + e82g24 + 683g34 = 84 = 1.517xl0-5
 
COG) 85 = 08115 + 682925 + 083g35 = 85 = 1.517x10-7
 
The eight additional constraint equations for the solution of the 24
 
elements of the feedback gain matrix G come from the pole placement requirements
 
on the submatrices, A1, A2 and A3.
 
After the matrix 0 - OG has been decoupled, it can be written as
 
*(o.o2) - O(o.o2)G = oI A2I o (6-18) 
I 0 A30 

[2 
-2L
heA= (8G)21 (eG)2 
F (6-19)~2'il
L[21 - (G)2 1  22 - (2G)22
 
-33 034 035 0 0 0
 
A2 43 044 @45 - 0 0 0
 
4)53 454 @55 COG) 5 3 (G)54 (G)55
 
•33 
 034 
 35
 
•43 44 045 (6-20)
 
53 -(°G) 53 54 - (°G)54 55 - (OG)55
 
0 0 0
66 67 68 
A3 = (76 '77 78 L0G 0 0 
,P86 87 h8 (8G)86 (8G)87 (eG)88

rh*6 h8 -j'P67  (6-21)
'78

-77 976 

'86 - (0G)86 P87 - (OG) 87 088 - (G) 88
 
The characteristic equation of the decoupled x dynamics is
 
Iz l
 _ AI = _ - 1] - fi2 (G2
 
171 - All = - 'P21 + (0G)21 z - 22 + ( 6)22
 
2 + ((0G)22 - 0l1 - 022 )z + f11022 - '11(0G)22 + 12 (0G)21 - '21) 
= (z + a I + jbI)(z + a1 - Jbl) (6422)
 
where = -0.9964457 and b = -0.0035417.
aI 
Now solving for the unknowns in Eq. (6-22), we have 
(OG)21 = 021gll + 022g2i + 02393 
1 2~ 2 2 
= I (a1 + b + Piti+ 2aiii + *]2*21) (6-23) 
(G)22 = e2 1g12 + e22922 + 823932 = 'il + '12 + 2ai (6-24) 
For the 'P dynamics, the characteristic equation of A2 is 
z - 033 - '34 - *35 
]Zl- A2 1 = - *43 - 044 - '45 
- 053+ (I0)53 - 54 + (0G)54 z - 055 + (oG)55 
= z3 + ((eOG) - 'PS - 044 - '33) z2 + (-(444 + b33)(eG)55 + *45(0G)54 
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+ €35(0G) - 54¢45 + 033¢55 + ¢33944 - 043¢34 - 435453 + ¢4445)z 
+ ((@33¢44 - 443¢34) (OG)55 + (435¢43 - b3045)(EG)54 
+ (034 45 -,¢3544)(OG)53 
- ¢334455 + d33¢54 4 5 + ¢43)34455 
- ¢4343554 - ¢34445¢53 + 0354453) (6-25) 
The desired characteristic equation is written as
 
(z + a2 + Jb2(z + a2 - Jb2)(z + c2) = 0 (6-26)
 
where 
 c2 = -0.01831564
 
a2 = 
-0.2592945
 
b2 = -0.3191948
 
Equating Eqs. (6-25) and (6-26), we get
 
(eG)55= 65]g]5 + 852g25 + 053935 =55 + ¢44 + l + 2a2 + c2 (6-27) 
(6G)54 = 851g]4 + e52924 + 053934 
- ( + 2a 2 2c2+ b + 
=45( 35 + b4045 - 03 ¢44) 45 (44 +) + ¢44 
+ I + 2a2 + c2) - p4k4 + 4 5'54 - 455 - 44 + 2a2c2 + a2 + b ) (6-28) 
(8G)53 = 51913 + 052923 + 053933
 
(1 + 2a + a + b 2)( + c)

=2 2 2 2 (6-29)

35 + 434045 - 435044 
For the ¢2 dynamics, the characteristic equation of A3 is
 
z - 066 - ¢67 - 68 
IzI - A3 1 = "- 76 - 477 - ¢78 
- f86 + (OG)86 - ¢87 + (eG)87 z - 088 + (80)88
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z3 + ((eG) 88 - 8 - '77 - t66 )z + (-(77 + p6 6 )(eG) 8 8 + 78(G)87 
+ ¢68(eG)86 - 087078 + *66#88 + 066'77 - 07667 - 068086 + 477 47-8)z
 
+ ((6677 - P76067)(eG) 88 + (68076 - 066078)(OG)87 
+ (06778 	- h 68077)(eG) 86 - 066077¢88 + 066087078 + 076067088 
- ¢76'6887 - 677886 + ¢6877¢86) 	 (6-30) 
The desired characteristic equation is written as 
(z + a3 + Jb3)(z + a3 -jb3)(z + c3) = 0 (6-31) 
where = -0.67032c3 

a3 = -0.911366
 
b3 = -0.096987
 
Equating Eqs. (6-30) and (6-31), we get
 
(G) 86 = 	 608116 + 682926 + 83g36 
(I + 2a + a3 + b)(1 + c5 (6-32) 
168 + 06778 - 06877 
(eG) 87 = 	 81g]7 + 082927 + 883937
 
- 968(1 + 2a3 + a2+ b2)(1 + c3) 1
 
*78( 68 + 783 - 37 6 8* 77) + + 8 + + + +2a +C 
+ 

- 77¢78 + 78087 - 088 - 177 + 2a3c3 a2 b2) (6-33) 
eG)88 = 81g18 + 8 2g2 8 + 083938 
88 + 77 + 	1 + 2a3 + c3 (6-34)
= 

Equatidns (6-23) , (6-24) , (6-27) , (6-28) , (6-29) , (6-32) , (6-33) and (6-34) 
form the additional eight constraint equations, together with the 16 equations 
inEq. (6-17) are adequate for the solution of the 24 unknown feedback gains ir 
The solution of the 24 constraint equations gives the following results:
 
g11 = 35.432513595904985
 
g12 = 209.57461847387285
 
9l3 = 9.368484250209332x107
 
g4= -8.11397701621271032x06
 
5
 
9l5 = 14453443216549823x0 
gl6 = g17 = '18 = 0
 
g21 = -71.361744259885901
 
22= -409.94846384061196
 
923 = 2.2392641102247482x]0 8 
 (6-35)
 
7
 
924= l59394l05849068884x10
 
5
 
3454675889387745x]0
 
5
 
925  

926 = 3.578272520216161x10
 
6
 
.3239693135355619xl0
 
4
 
28 

927= 

1.2749737170875715xi0
 
g31 = g32 = 0
 
7
 
933 4.015292755500438xl0

934 = 3.4776162570406019x106
 
=
935 6.194684677849835xl04
 
936 = 3.578272527392904xV05
 
6
 
g37 = l.323969309412944xl0
 
g38 =.2749737129324844x04
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VII. COMPUTER SIMULATION AND DESIGN OF THE DIGITAL ASPS
 
7.1 Introduction
 
In the preceding chapter the digital ASPS was designed through decoupling
 
and pole placement. In general, the decoupling problem does not have a unique
 
solution. However, in the ASPS it turns out that some of the elements of
 
the matrices p(T) and O(T) are very small so that the matrix OG can be approxi­
mated by a matrix which has only one nonzero row. We recall that the design
 
objective is to real-ize simultaneously the following bandwidth requi-rements
 
for the x, l and 2 components of the system:
 
x: bandwidth = 0.04 Hz
 
1: bandwidth = 10 Hz
 
bandwidth = I Hz
2: 

However, the "partial" decoupling of these components means that the desired
 
bandwidths cannot be realized directly by the design method outlined in Chapter
 
VI. A trial-and-error method is used to determine the feedback gains to meet
 
the design requirements. The method involves first assuming a desired bandwidth
 
for x, BW = 0.04 Hz, then we compute the required feedback gains, simulate
 
the digital system, and observe the time responses to see if the individual
 
bandwidth requirement is satisfied. If any one of the bandwidth is not
 
satisfied, we adjust the bandwidth of x again, and repeat the process until
 
we come close to the desired bandwidths. Only the bandwidth of x is varied
 
in this case., since the bandwidths of l and are not so sensitive to
 
parameter variations.
 
In Chapter VI the digital ASPS was designed using the sampling period
 
of 0.02 seconds. In this chapter larger sampling periods are considered.
 
It is shown that the digital ASPS with state feedback can be stabilized for
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a sampling period as large as 0.1 second.
 
7.2 Computer 	Simulation Results, T = 0.02 sec
 
In Chapter VI, we set the sampling period at T = 0.02 sec, and required
 
that the bandwidths are 0.04 Hz, 10 Hz and 1 Hz, respectively for the x,
 
and t2 components. These bandwidth requirements correspond to a set of z­
plane eigenvalues which the closed-loop system must realize. The corresponding
 
feedback gains are obtained as in Eq. (6-35). The computer program listing
 
for the design and simulation of the digital ASPS is given in Table 7-1. Figure
 
7-1 shows the time response of x(t) when the feedback gains are as given in
 
Eq. (7-35). Notice that the response is very slow which corresponds to a
 
system with a very narrow bandwidth, certainly much smaller than the desired
 
value of 0.04 Hz. By reassigning the bandwidth of x, it is possible to fine
 
tune the dynamics of x, 1 and 2. However, due to the coupling of the three
 
components, it is extremely difficult to obtain the exact responses desired,
 
depending on how the bandwidth is defined. In any case, the closed-loop
 
eigenvalues of the system are placed at the desired location by the state
 
feedback design. The desired eigenvalues are now specified as follows:
 
= 
x: 	 z, z2 0.964471639922 + j0.00342947
 
z3 
= 0.01831564
 
z4 ' z5 = 0.2592945 + j0.3191948
 
= 0.67032
 
z7 , z8 = 0.911'366 + j0.096987
 
Note that only z1 and z2 are changed, but the other six roots are still the
 
same as those specified in Chapter VI. The pole-placement design now yields
 
the following feedback gains:
 
z6 

= 3643.66148126889
9ll 
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912 = 2128.0189640019839 
913 = -9.3684842502093316 x 107
 
= 
g14 -8.11397701621271032 x 
106
 
5
 
gi5 = -1.4453443216549823 x 10

= g17 = gi8 = 0
916 

g21 = -4233o.6515051O8181
 
g22 = -10394.903057183335
 
923 = 2.2392641102247482 x 
1O8
 
x lO7
 
= 
g24 1.9394105849068884 

x 105
 
g25 = 3.454675889387745 

x 105
 
g26 = 3.5782725250216161 

= 
927 1.3239693135355619 x 
106
 
i4
 x 

1.2749737170875715 
g31 = g32 = 0 
28 = 
(7-1)
 
g33 = 4.0152927555004380 x 107
 
6
 
g34 = 3.4776162570406019 x iO

935 = 6.194684677849835 x 10
4
 
g36 = 3.5782725273929039 x 105
 
g37 = 1.323969309412944 x lo6
 
= 
38 1.2749737129324844 x 
io4
 
Note that except for g11' g12' g21 and g22 all the other feedback gains are
 
identical to those given in Eq. (6-35). The time responses of x, t] and 
 2
 
for these feedback gains are shown in Figs. 7-2,- 7-3 and 7-4, respectively.
 
These responses are very close to having the desired bandwidths.
 
Table 7-1. 
 Computer Program For the Design and Simulation of the
 
Digital ASPS
 
MPLTGLF CfL tO (,'*I ". 
C CAL.CLJ -TTIOW OF OW AND EW FO'- IL "D0j0 , ',"POFiOi ...... 
CAI'LCIJIA raiU! 0SE t$ 4Bf %IWSi h7Iti,f 

DflhEWSiON.J A f - i(Z, Go 6) ( ... )
"fkl- 04 1" I: (U'I( 1+III 13 C 
tijr:hJNLN3ON ST TC(F 8) .LIA(3)I( 111J vWCIR1 (33) 'J q) W K,, (C,R'DfINENSION WORK4 (@3d8)gIUWRN5C ) qWOR1-46 ( q0) WOI,( n-').",K.
D.IMENSION WI(3.3) t40(398)
 
fET=0,
 
DNhE 8S1 Y a a y8 ,,,t;(., 9 111!.:TA, F;i,' 0 8( 
KNAX=-:2000
 
N=8
 
£O .LB =.i.N
 
DO 19 J--,,tM

D(Iv'J) =0,
 
J-(J ) -,
9 

19 GO(J 7 T)=0, 
DO 18 J=IFN
IR A(Tq,J)=:O. 
C 
C SYSTEM CONSTANTS' 
C 
AM 1=600. 
,AKSX=1051
 
AI*SI=
005JAKSS -0 ,005 
AK3S~ti.00S 
AJ=5034 of1G1TAt PAGO
 
A33=2805.15 
 oanAlMA 0 ffl<
R0=1. 956uF uRQAT_ff AO=-RO
 
BO=l,/AMI
 
(;0='ixI.*RB/A33 
DO=AJ/A33 
E=1 /AS3 
F=I.+/A,J['EL 1"A=1. -AO*,Cv-00 
C 
C NON-ZERO ENTRIES OF TIlE MATRICE, 
C 
1)=1AU .2 o 
A( 291) - ,,.0*AKSX,,* (1 ,-00 )/EL.'TA 
A(,24)=-E*AKSP*AO/t1EL TA
 
A (2,7) -AKSS*F*Fl0*A0/KEL. FA
 
A (3 4 )=.I
 
A (5 .) = - AKIPX*E/O*COIDEL1 flA~i 
_

(5'b=-AKSP*I-/U EL'TA 

A (,59 7 ) =AIS*fl0F /0ELITA
 
A(6,72 =1.
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fl ( 8 I. ) (-AI(,JX't U *C 0/UI..L ffl 
t-) 7) -- KSS,:ICi . -FOACO ) 
3(2 1 )-BOA( 1 . O )/ (EL t7) 
O(2 :2 ) :EAAO/OFL rn 
v: 2 p: ) *:.-." "ro0;%-Ht)i,~ l TLI 
P S .I)=DO*CO/',EL-TA
1(b F;'.) =1.1IPI-LA 
B C5 p .)...f' F/i-!Tn) 
T[l 
- (U9 3.IF* U .-f-O'RCO) /ELTA 
-C30(.1 i2....120"(1 ,)- 4., •. 241 
9 .21.6', 124,.0 10 
00( 1 4) = ­ "57 [j 26624E7 
ORIGINAL 
_.F POOR 
PAGE IS 
QUALITY 
GO(J.3 ) ....161SF 
Go (= -, --0 "-0 
5E 
,:''--, 
GO (2, 4 )6 , 0B882'1126624 7y 
Go (6 ) 01-5"7-F2'7 
G0(C2 6)=3YS'675O3OAF5 
0(C 7)=1 , 0 1703 2E5 
0, 452.640L-4 
LiO (5,Z;. ) "=3•'67.,b0JSu4E8 
00 ( 39.4 ).- 1.+,o9i;O I.3?i527 
GO 3 p6 ):K.965030 :z5 
G0 "' y )=I 09 '1:(3 11 -
G,0(3,8)= I ..15266.1i ­i . 
II(1 J =0 99 
H(C1 2)=0 -01 
1-i(2 y3) =0 . 01 
H-1(2 4) ..-v +92 
, 3., 0, 01 
ilk~~v6'0 .3 1 
i- (3,7) =0,98 
II (3y 8) -0 Cl 
TYPE 10'7 
O0 201. J.--I N 
2-0 L lFYr-'E Ii0T. 
f'YPLE i0o, 
(AI Y1.-): y N) 
DO ?02 ,.I=1 ,N 
202 TYPE 2109 (C(,.I) I"-- ,) 
TYPI-* :109 
o0 203 , J:I.­
TYPEtr 	 50 
IF(Kl-KMfl"- 3000000 
TYPE. 401 ­
401 F'3RtAIf (UpD 'THEI CXP CF-AT MATrVRIX ' 
Du 402 NL' 1 
02 TYPEity(VUSCIJ)Jlv) 
TPyfiE *0 o5 
403 FRuntA r nu i-crn fTfl 1-WTH THT 
DO 404~ i: 10 
404 TYPE 21 dv THETAS U yJ yJ ~1 ') 
:I31415963
 
iFAl"") ST*Dt2*2 *P I
 
FACS=0o . 3TDSU*2 *PI
 
Al~-±. DEXM- FtAC ) flCOS (FArCI) 
* 	 UI=--u..EXPf(ogCl)T~DSIN (FAflt)
 
CI=-nrExWC -20OxNTS
 
W~- DELXP(MM2ON(.fM 
DY- C'LP(C-FA I 3)gD~OSfW%',FmC3 )
 
TYPE 501
 
501 FORiN C/4\ *rAPOLES OF MiE BEI CmRr b!S flii~k2 4 
- TVPE 5C2YAUBMI~ 
TYPE 502'f0v2Y2
 
TYPE 502,00D3O
 
00 ORtIAfV( /4'TAylP3Ev 1. 12)
 
Wt LvL) = fETffl(2xUL.
 
W I:iLv 	 ) -- 'lET FAS (.2 y2) 
W41(2v, 1)stHfET4qS(Sv 1 
14C(22)TETflS(&i2) 
AJ1(I3)Y TiETAS(5y3)
 
WI 3"mUTIETflS 'W 1
 
141 (YM)T1TASCMY.?
 
bI(VC$P'TFETANS3,
 
140 C t :2) =STMTS CL 1 +STITS C2 2)42.*A 
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,,,,i ..... ORIGINAL PAGE i 
-OF pOOR QUALITY 
!01o. ' I-,,;r­'; 3 -f:,' !i)t 
LiO(3, . ,
22=
'';I 'S(8,V7)
 
W3O (1 1N )"= , , .U
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5 ) 4 'iSkS,10 (2 4 ) ( /S'T 1 'TS f M-*O ( 9I ).-J )-1 wr.ST 5) 
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7.3 Computer Simulation Results, T = 0.04 sec
 
It is of interest to investigate if the sampling period can be increased
 
and still be able to realize state feedback control to achieve the desired
 
bandwidths for the three system components. The sampling period is now increased
 
to 0.04 sec. The matrices (T) and 6(T) for T = 0.04 sec are given as follows:
 
ORIGINAL PAGE IS 
(0.04) =OF POOR QUALITY 
- 2 - -
- 89.995xi0 - 3.999xi0 0 -1.187x0 6 -1.583x10 8 0 1.187x10- 6 l.583xi0 
- 2 
- 5 - 6 - 5 - 6

-2.447xi0 9.995x10-1 0 -5.936 xi0 -1.187x10 0 5.936x10 1.187xl0
 
- 8 - 2 - 4 1 1 
-3.328x10 - 6 -3.33x10 1 3.999x10 7.999x10 0 8.094x10- 9 8.094xi0 ­
- - 6 - - 2 - 9
-2.496x10 -3.33xi0 0 9.999xi0 1 3.999x10 0 6.070x10 7 8.094x10- (7-2) 
I - 5 - 7
-
-
- 5

-1.247xi0 -2.49x10 4 0 -3.035x10 9.999xi0 - 0 3.035x10 6.070x10 
3.328xi0 3.328x10 8 0 8.094xi0 8.094x10-I I 3.999x10 7.999x10- 6 - - 9 
- 2 - 4
 
-
- 2

- 7 ­
- 4 - 0 6.070xi0 8.094x10 9 0 9.999xl0 l 3.999xi0
2.496xi0 3.328x10
 
-

- 5 - 7 ­l.247xi0 - 2 2.496 xi0 4 0 3.035x]0 8.094x10 0-3.074x10 
5 9.999x10-1
 
- 4

- 4

- 4 
-2.374xi0
2.374xi0 
2.329xi0 - 2 l.187xi0 - 2 -1.187x10
- 2 
6 
4.658x0
 
6 l.618x10- -1.618xi0 
­
3.166x10 -
6 

4 
 - 4
4 ­-
,214x10 -1.214x10
2.374xi0
 
- 2 3 3 - 3
0(0.04) 1.187xi10 6.070x10- -6.070x0
 
- 6

- 6 
 1.640xi0

-l.618xO 
- 4 - 4 - 4 
-3.166x10 

-2.374xi0 -1.214xi0 1.230xi0 
- 2 3 ­6.149x10

-1.187x10 -6.070x10- 3 
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The desired eigenvalues of the closed-loop ASPS are set at:
 
x: z, z2 = 0.976901072005 + j0.00225733531031
 
fl: z3 = 0.0003354626270
 
2: z4, z5 = 0.0028068097799 + jO.003939345 
z6 = 0.4493289641172 
z7, z8 = 0.8587194942988 + j0.16334107966 
The feedback gains are determined and are tabulated as follows:
 
= 
3.817880589460170xi02
9ll 

9l2 = 6.8560283114373904x]02
 
7
 
= 
gl3 -1.8228873974050188x10
 
6
 
g4 = -2.5313721087607277x0
 
4
 
gl5 = -8.7845436116937588x0
 
gi8 = 0
gl6 = gl7 = 

2
 
= 
g21 -7.44883284947041213xi0
 
3
 
g22 = -13410796296921878xi0
 
=
g23 4.3570829799433742xi0 7 
 (7-4)
 
6
 
6.0505099423975705x10
924 

5
 
g25 = 2.0996900572869749xi0
 
5
 
g26 = 2.0185680288217810xi0
 
5
 
g27 = 3.6134117793464126xI0 
= 10477885260603344xi04g28 

= 
93l = g32 0
 
6
 
= 
933 7.8128183443659252x10
 
6
 
g34 = 1.0849353874460890x10
 
4
 
= 
3.7650182657481631xi0
 
5
 
-g35 

g36 = 2.0185680341725262xl0
 
5
 
=
937 3.6134117389247105x10
 
1-40 
938 
4
 
.
I0477885188377713xi0
 
The time responses of x(t), l(t) and p2 (t) for T = 0.04 and the feedback
 
gains as listed above are shown in Figs. 7-5, 7-6 and 7-7, respectively.
 
7.4 Computer Simulation Results, T = 0.1 sec
 
Since the on-board computer has a limited capacity and processing speed,
 
it is important that the sampling period of the ASPS should be kept as large
 
as possible. It is well known that in general large sampling periods are
 
detrimental to the stability of digital control systems. In the preceeding
 
sections we have shown the design of the feedback gains for the ASPS to realize
 
the bandwidth requirements with sampling periods of 0.02 and 0.04 seconds.
 
In this section we shall show that the ASPS can be operated with a sampling
 
period as large as 0.1 second.
 
For T = 0.1 second, the (T) and e(T) matrices are,
 
(0.1) = 
9.969xl0-l 9.999x 10-2 0 -7.418x10-6 -2.473x10- 7 D 7.418x10-6 2.473xlO -7
 
-

-6.l14xo2 9.969xlo 1 0 -1.483x -7.418xl o .483x1 7.418x8--6
 
9
 
-5.199x10 -5 -1.299x10 -6 1 9.999x10 -2 4.999x10 3 0 1.264x10-7 3.161x10
­
-1.559x10 3 -5.198x I0 5 0 9.999xi0 1 9.999x10 2 0 3.792x10-
6 1.264x10-7
 
-5 9.999x10 1 0 7.581x10 5 3.792x106 (7-5)
- -3 0 -7.581x10

-3.117x10-2 .559x10
 
-3
7 ­5.199x10-5 1.299x10 -6 0 1.264x10- 3.161x10 9 1 9.999x10 
2 4..999x10
 
-
2
 
- 1.264x10-7 0 9.999x10 1 9.999x10
1.559x10 3 5.198x10 5 0 3.792x10 -6  

5 ­7.581x10- 6 0 -7.681x10­3.117x10 1.559x10 3 0 3.793x10 
5 9.999x10
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- 3
 
- 3 	 - 3 
-1.484x]0
2.910x]0 1.484x10
 
-2

- 2

-2 	
-2.966x10
2.966xi0
 
- 5 

5.818x10
 
-5
 
- 5 	
-2.529x10
2.529xi0
 
- 4 

4.947x10
 
-3 	
-7.585x10-4
 7.585xi0
1.484xl0
 (7-6)
8(O.l = 2-2-

2.966x102 1.516x0 -2  -1.516x0 -2
 
5 
 -5
 
-5 	 2.562xi0

-4.947x10 -2.529x10­
-4
3 	 7.685x10

-7.585x10-4 

-1.484xl0
 
- 2 
 -2
 
-2 	 1.536xI0

-1.516xi0

-2.966xi0
 
Corresponding to the desired bandwidths of the three system components,
 
the eigenvalues of the closed-loop digital ASPS are set at:
 
x: 	 Zl, z2 = 0.9423049137666 + j 0.05448575545211
 
z3 = 2.06x10-9
I: 

= 0.5790229524118 + j0.27563222675412: 	 z4' z5 

= 0.1353352832366 
z7' = 0.6570647872999 + 30.4965162436514 
z6 

z8 

The 	feedback gains are determined and are tabulated as follows:
 
gll = 35654391190867254
 
g12 = 673.937543782499
 
5
 
= 
gl3 -2.971496035004556xi0
 
5
 
g14 = -2-1929182981938171x]0
 
4
 
g15 	= -2.1617128726694806x10
 
= gl8 = 	0
g16 	= g17 

= 
921 -699.45360421649164
 
922 = -1318.3208244459652
 
5 (7-7)
923 	= 7.102498404377198x0
 
g24 	= 5.2415343590564353x10
 
145 
5.1669468758013832xlO4
925 

5
 
g26 = 1.5837111307008396x]0 
4
 
27 = 8.5497097649640713x]0 
g28 = 7799.1724382365824
 
'= 
g31 g32 0
 
5
 
g33 = 1.2735706421362781xi0
 
4
 
934 = 9.3987551465092623xl0
 
=
g35 9265.0100115225987
 
5
 
1.5837111569386454x0
g36 = 

937 = 8.5497094066096154x104
 
g38 = 77991723174474365
 
The time responses of x, 41 and 2 of the digital ASPS with T = 0.1 and 
the feedback gains in Eq. (7-7) are shown in Figs. 7-8, 7-9, and 7-10, respectively. 
These time responses show that with the proper design, the digital ASPS carr
 
operate with a relatively large sampling time without any difficulties.
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VIII. QUANTIZATION EFFECTS IN THE DIGITAL ASPS
 
8.1 Introduction
 
In the preceding chapters the digital ASPS was designed through decoupling
 
and pole-placement techniques, and the designed system was simulated on tile
 
digital computer. Itwas shown that the bandwidth requirements were approxi­
mately satisfied by digital feedback, and the computer simulation results
 
showed that the responses of the x, l and 2 dynamics were guite good. With
 
proper design, the digital ASPS can operate with a relatively large sampling
 
period of T = 0.1 sec without any difficulty.
 
In reality, because of the finite bit length used in a digital computer,
 
the state-feedback gains designed for the decoupled digital ASPS must be
 
quantized. It should also be noted that the quantization effect due to
 
operations in the digital computer is not the same as that introduced by the
 
A/D converter.
 
In this chapter we shall investigate the effects of amplitude quantization
 
in the digital ASPS with state feedback. In general, it is well-known that
 
quantization can lead to two possible difficulties in system performance.
 
One form of difficulty is sustained oscillations or instability due to amplitude
 
quantization. The second type of performance degradation due to quantization
 
is in the form of steady-state errors.
 
Although closed-form analytical methods are available for the studies of
 
sustained oscillations and steady-state error due to quantization in digital
 
control systems, the complexity and high-order nature of the closed-loop
 
digital ASPS precludes the effective use of these methods. The discrete
 
describing function method can be applied to the study of sustained oscillations
 
in digital control systems due to one quantizer. However, the closed-loop
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digital ASPS has many A/D converters and many quantizers representing the
 
digital computer operation of the feedback gains. The complexity of the
 
system also does not allow an analytical solution to the steady-state error
 
by the maximum-upper-bound method, treating all quantizers as noise sources.
 
The method adopted in this chapter is computer simulation. It seems
 
that considering all difficulties, computer simulation still resulted in
 
useful-conclusions to the problem of quantization.
 
8.2 Quantization Considerations in the ASPS
 
In a digital computer a real number is usually represented by two parts:
 
the mantessa and the exponent. Figure 8-1 illustrates the floating-point
 
representation of the number X by'an N-bit mantessa M and an exponent part.
 
Thus, X can be expressed as
 
X = M x Be (8-1) 
where M is the mantessa, B is the base number, 2 in general, and e is an 
integer which represents the order of the exponent. The N-bit floating-point 
3 
number M is generally scaled to be
 
B-1 < M < l (8-2)
 
and two's complement arithmatic is used for denoting negative numbers.
 
In numerical computation, amplitude quantization is introduced by the
 
finite length of the mantessa. However, the truncation error introduced by
 
the quantization effect is not a fixed value; it depends on the exponential
 
scaling; i.e., it is proportional to Be. Therefore, if the bit length of
 
-
the mantessa is N, the quantization level is 2 N x B e . The quantization of
 
a given number should begin with the calculation of the mantessa M and the
 
exponent e. The flow chart given in Fig. 8-2 shows how the quantization
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operation is implemented.
 
N bits
 
X: mantessa exponent
 
Figure 8-1. -Representation of a real number
 
Table 8-1 shows the subroutine FUNCTION QT(X) which is used for the
 
simulation of the 16-bit quantization of the feedback gains for the digital
 
ASPS.
 
Table 8-1
 
FUNCTION QTr X-)
l4=2.**-i.6 
IF X ,iE.o,) GO TO I 
UT=O. 
RETURN 
I 'fX=ABS (X) 
SIGN=AX/X 
IF(AX'%',.) 2p3y4 
3 tT=X 
RETURN 
2 K=O" 
22 i--,f.AX'.GT'O.1O.**K--1)), GO TO 21
 
N=K-i
 
GO TO, 22
 
4 K<I -.
 
42 IE(AX.LT.i-O.**K) GO TO 21
 
K=K+i
 
GO TO 42
 
21' BX=AX/1'O *"*K
 
IV0= (BX/H )-+Q ., 
QT:=SIGN*FLOAT (IV) *H*10.**K 
RETURN 
END, 
START WITH
 
REAL NUMBER
 
H 2 Quantization level on mentessa

-N
 
~YES 
NO N 
YE X~v 0 = 
NO 
OT 0.5TUR 
QI 
RRN 
v 
YES
igM 
-
=mB K 
Ti~m+0.5 
M =IV *H * SIGN(X Mantessa 
£ H*BK IQuantized value 
RETURN 
Figure 8-2. Quantization operation. 
153,
 
8.3 Scaling Effects on the A/D Converters
 
The block diagram of the closed-loop digital ASPS with state feedback 
is shown in Fig. 8-3. The digital computer which implements the digital 
controller is interfaced with the ASPS through the A/D and D/A converters. -
The A/D converters serve as sample-and-hold devices and quantizers
 
because of their finite bit lengths. ["f the A/D converter has N bits in 
the output and is biased with voltage V, then the full-scale input V volts 
will result in a digital number 1 - 2- , which when taken by the digital 
controller will be interpreted as V(1 - 2 N ) which is the quantized value of 
V. Therefore, the A/D converter, together with the necessary I/O port in
 
the computer, can be considered as an A/D converter with normalized I volt
 
bias, i.e., simply a quantizer. The functional block diagram is shown in
 
Fig. 8-4.
 
Since the steady-state error due to quantization is directly related to
 
the quantization level, the accuracy in the responses of the ASPS will depend
 
on the quantization of the A/D converters. The most straightforward method
 
of increasing the accuracy of the system is to Tncrease the bit length of
 
the A/D converter. However, this is an expensive proposition, and the cost
 
can be saved by making use of the scaling technique in the A/D converter.
 
In the ASPS controller designed in the preceding chapters, the sensor
 
gains were assumed to be unity. For example, if the error in the x component
 
is X meter, we assume that the sensor sensed X volts, and the controller
 
received QN(X) as a number for data processing. Because of the quantization
 
effect in the controller, the steady-state error will be confined to be within
 
meter, where N is the number of bits in the A/D output. In general, N can
 
be 8 or 12 ( N = 12 is used here), and the error is apparently not satisfactory.
 
T
T 

DIGITAL COMPUTER CONTROLLER WITH FEEDBACK GAIN G
 
U 3, 
Figure 8-3. Block diagram of the ASPS with the state-feedback digital controller and
 
quant izers.
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SAMPLEN-bit
 
output
SYSEMSENORAND-HOLD 

Figure 8-4. Block diagram of A/D conversion.
 
If a sensor gain of 1000 is introduced before the sample-and-hold, as shown
 
in Fig. 8-4, then the X meter error in the system will be sensed as IGOOX
 
mm. After the quantization, the error will be confined to be within 2-N mm.
 
The digital computer takes Qn(lOOOX) as an input number, and performs a division­
by-lO00 to convert it back to the number QN(IOOOX)/lO00 = X which is of the
 
appropriate dimension. Since there are reciprocal gain factors at both tides
 
of the quantizer, as shown in Fig. 8-5, the transfer function between points
 
A and- B as seen from the quantizer Q is the same as that between points Cand
 
D. Therefore, the control scheme thus far designed will not be affected by
 
the application of a sensor gain.
 
For the eight state variables in the ASPS, it can be seen that the scaling
 
factors for each of these variables will not be the same for best system
 
performance. As a matter of fact, the sensor gain should not be too low so as
 
to have larger quantization error. On the other hand, the sensor gain
 
should not be too high so as to cause saturation in the system.
 
In actual implementation it is suggested that the possible maximum error
 
be sensed (with a certain sensor gain) as the bias voltage of the A/D convertE
 
and the quantized value be divided by that certain sensor gain before it is 
stored in the certain memory location in the computer. All the feedback gains
 
are retained to be the same as they are designed without the scaling factor.
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STEMCONTROLLER
 
Figure 8-5. Block diagram showing the effect of scalLng.
 
8.4 Computer Simulation of the ASPS With Quantization
 
In this section the reponses of the digital closed-loop ASPS with
 
quantization are obtained through computer simulation. The block diagram of
 
the system is shown in Fig. 8-3. The sampling period of the system was chosen
 
to be 0.1 sec. The feedback gains of the system are tabulated in Eq. (7-7)
 
and are not repeated here. Eight-bit and 12-bit A/D and D/A converters were
 
used. Since the 16-bit wordlength used in the digital computer is longer
 
than the bit length of the A/D and D/A converters, quantization should be
 
considered when computing the control signals of the ASPS. This process is
 
represented by the subroutine program listed in Table 8-2.
 
Table 8-2
 
C------ DATA.SAMPLING AND A/D CONVERSION
 
.t='&. 5653 865234375E2*Q X-) +6.73934936523 4375E2*0Q (XDOT) 
- -2,9714966015625E5*U(PHIIIN)-2.4192993i640625E5*Q(PHI1) 
a -20i61712646484375E4;P*C( PHI MiT) 
02=-6. 994476318359375E2*Q CX) -1.31 835937E3XQ(XDUT) 
& "+7.102508,515625E5* (PHIJI IN) +5. 241546640625E50O (PHI1) 
I +5(166931 15234375E4* I2IN)(PHI "lIT)+1 5837097265625E5*UcP 1 

S f0.5496521484375E4*Q(PHI2) +7.79922485351'625E3*Q (PHI2DT)
 
V3=1. 2734985351562-.~*Q (PHILIIN) +9 .398803710937UE4lO( PHI11
 
S +9.264984130859375E3*U (PHI T) +.. 583709726625E5* (H121)
 
+8. 5496521484375E4* CPH.2 ) +7+ 7992243853515625E3*UP] ( .12DT)
 
VI=QV:L)
 
V2=Q (V2) pAGEi 
QPPOOR QUALITY 
IZLUNTIC3N ( EXX)
 
COMMON XyXDOTyPHIl P'FHZ.IT PHIlIN PHI2,'PH.2DTl'yF'HI2"[yTY
 
ViyV2YV3AJAMIYAKSXAKSFAKSS,A3S, I-TrIRB,rDILTA,
 
A£f?0 ,C0yD0yEy,TENDyI-y
 
NPFr, TY I, 2IV V3YL INE
 
Ii:F(XX.LT.0,) GO TO 20
 
IV=(XX/HI)+0.5

GO TO 0 
20 IV=(XX/H )-0,5 
30 =FLOATI.'V)*H ORIGINAL PAGE IS 
RETURN OF POOR -QUALITY 
END 
Figure 8-6 shows the responses of the x-dynamics of the ASPS with an
 
initial condition of 2xl0 3 for the first 60 seconds, with and without
 
quantization. The A/D and D/A converters have 12 bits. Notice that the
 
quantization effect on the transient response is to cause an overshoot in
 
x at the beginning. Figure 8-7 illustrates the response of the x-dynamics
 
beyond 100 seconds (near steady state). Notice that the response cannot be
 
classified as "sustained oscillation'', since it is not periodic. However,
 
it does appear that the amplitude of the response has reached a maximum
 
saturated level. In this case, the maximum error due to quantization is
 
less than 1.5 times 2- 12.
 
Figure 8-8 illustrates the response of the 1-dynamics with the same
 
quantization level as described above. In this.case it is seen that the 
quantization effect was to cause high overshoots in the transient response, 
but the response quickly reached a bounded steady-state. Figure 8-9 shows 
the same q1 response beyond 140 seconds. We see that the maximum steady­
state error due to the 12-bi-t quantization is less than l.5x10 4 . Again, 
the steady-state response cannot be described as a sustained oscillation.
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Response with quantization, 12 bit,
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Figure 8-6. Responses of the x dynamics with and without
 
quantization; 12-bit A/D and D/A converters
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Figure 8-7. Response of the x dynamics near the steady-state
 
with 12-bit A/D and DIA converters.
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A/D and D/A converters. 
163 
In a similar fashion the time response of the 2 dynamics with the 12­
bit A/D and D/A converters in the ASPS system was obtained and plotted as
 
shown in Fig. 8-10. Again, the steady-state error of ('2 due to quantization
 
is very close to that of $l"
 
Figure 8-I illustrates the time response near-the steady state of
 
x with 8-bit A/D and D/A converters. Figure 8-12 illustrates, the time
 
response of (h under the same dondition. In these cases, the steady-state
 
errors due to quantization are all less than one quantization level, 2-8.
 
As expected, the steady-state error due to quantization is directly related
 
to the quantization level. In general, large quantization levels will
 
result in large steady-state errors.
 
1.5 x quantization level (2-8 
CO 3 14D150 :60170 
-6
 
-i 
-- 0' 
Figure 8-11. Time response of x near steady state with 8-bit AID and D/A converters. ­
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Figure 8-12. Time respone of @Iwith 8-bit A/D and D/A converters.
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IX. NONLINEAR SPRING EFFECTS ON THE DIGITAL ASPS
 
9.1 Introduction
 
The analysis and design of the digital ASPS conducted in the preceding
 
chapters were based on the system model that the spring characteristics of
 
the wire-cable torque were linear. On the ASPS a wire cable is attached to
 
the center of the payload mounting surface with the other end of the cable
 
attached to the shuttle frame. Similarly, there is another cable attached
 
between the pallet and the shuttle (see Figure 1-2.).
 
For the linear analysis and design, the spring constant of the payload
 
is designated by the constant Ks (z and x dynamics), and the spring constant:
 
of the 1 and 1)2 dynamics are designated by Ks, and Ks2, respectively.
 
The nonlinear spring characteristic of the wire-cable torque is shown in
 
Fig. 9-I. The spring parameters are given by HWF and Ks, as shown in the
 
figure. The abscissa is shown as z,, but the same characteristics are assumed
 
for x, l and A,.
 
The objective of this chapter is to investigate the effects of the non­
linear spring characteristics on the performance of the digital ASPS with
 
quantization. Since the overall ASPS with the nonlinear spring and quantizers
 
is a high-order digital control system with multiple nonlinearities, no
 
analytical methods are available to c6nduct a closed-form study of the system.
 
Thus, computer simulations are conducted for the studies. The listings of the
 
simulation program are given in Table 9-1.
 
9.2 Effects of the Nonlinear Spring on the X-Dynamics
 
Since the nonlinear spring characteristic shown in Fig. 9-1 can be inter­
preted as the superposition of a velocity-dependent force (or torque) to the
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Table 9-1. Computer listings of Digital ASPS with Wire-Cable
 
Nonlinearity and Quantization.
 
TYPE SINC"T.FI 
DIMENSION PRIT(5)yY(8),EPRY()yAUX(8:.5 
EXTERNAL FCT,OUT'
tCOHMON XX£OTP-H-.It.,PHItlIlT ff11LIN H-iT2,PiII2iTFHi-i211 1 
S Ut V2, V3 AJ AMI KSX, AtiSP AKSS, A35 TPRfT RB DELTA 
AeO, BOCO,D .vE,F TENB,H,
 
SNI"RT,'.VIIV2yIVL1LNE

OlPEi4 .UN '[T=6 ,!]E VJCIZ= "OSl",FILE-"FOrk20 ,,£'A.T., AuC! - OS=.,_-'POO T" ) 
LI.NE=OTSt=O0 
H=2,**-12 
fENfl=200, 
F'RT=0 .2 
TINT=i .01--2 
&:- SET INITIAL C(ONEIIO
I.-!
, 6SR8E-
XDOT= -5,302E-6 
HI1I=6. 756E-7
 
PHI LDT=5.090E-7
 
PH I V N=3t 549E-7
 
PH:2=l774E-6-

PH T2.T=6. 753E -6
 
PHI2N--I .2ALE-
AMI 600 
rILX-J * 05.1
 
AKSP. 005
 
"AKSS=0.005
 
AJ=503,"
 
A33:::2805 15' 
RB= .956 
AO-RB 
SO=./AMI
 
CO=-AHi*RB/A3 
E- I. A/A-3 
F'-1.L/A,.)
 
fELTA= !,-AD*CO-DO
 
T"=9.7801E,NA'-R T=0 
PRMT(LD=TINT
 
PRMT(4;=0,O01*2,E-3 ORIGINAL PAOJ 
flO 99 1=08Ly & OF POOR.QUALUln 
99 fiERY( ) :-0 .125 
10 [F(T.GE.TEND) CALL. EXI'T 
C-------4fA SAMPLING'AND A/D CONVERSION 
GX-"100
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GPI=50. 
3
 
t
 
n(pull-opu
 
-2.16iYI2646484175E4*QCPHILDTYOPI)-

V2--6.VV44763JS35?375E2*0(XYOX)-t.3JB339375E3*0(XDOTYSX)
 
A 15.16693115234375E4*U,(PHIIDTYGPI)+i.KS37097260625ES*
 
& P(PH121NPOP2)
 
& +8.049652148437SC4*0(PHl2tSP2lk7,799224053SJ5625E3*
 
% O(PH12UTIOP2)
 
VI=L!21049SN351562SE5*QCPNYIEN-OPI)+9.398SO3710937SE4*
 
A, +9.26498413005?075E330(PHIIDTYBPI)+1.5do7O972o5625E5,1
 
-Z U(PHISKOP2)
 
I +8.549652140437UE4*0(PH12YGP2)+7 79V224S53515625E3',k
 
3 U(PHT2DTPGP2)
 
.(h 

).
 
GV2=1*/ABS(V2)­
GV3=1,/AwSvV3)
 
Vl=QlVlQVY
 
UX0TV2yUV2.',
 
V3=Qev3yGvW
 
PRM7(J!=T 

PRMT C2) =T+ TSP 
Y(I)=x
 
Y(2)=XDOI*
 
Yc3)=PHllfN
 
YV4)-rHII
 
-YC5)-PHTlDr
 
Y(6)=PH121N
 
Y(7)=PHI''
 
ORIGINAL PAGE IS
 
OF POOR QUAIJM-

EALL REGE(PRMTYiYDERYYMDIMYINLPY-FU)YPUIPPAUK) 
GO' TO 10 
SUBROuilNO rUlkAXYYYDQY)-
DIMENSION 'Y(8)YDERY(S) 
COMMUN XYXDUTePHSIYPHIIDT-PHIIINYPH12PPH12DTYPH121N-
I VI P Y2? V3 P AJ Y AM I YAKOX Y AKSP YAKSS YA32 Y TPR TYRB vDELTA Y 
& A0YB0vC0Y-D0YErF;TENDvHv 
& NPRTYIVlYTV2yYV3vLlNE 
HX=0.00279: 
HPI Q. 00279. 
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HP2t:0,0027 
IF(Y (2) .LT.00) HX:w-i4X 
& Y( 4) -HII.) )E+ (k3+nKESSY( ) +l-P2) FIIO) ) /OELTfl 
DERY W il 
i'ERY( 4>-N(5)-
LIERY (5 ( ( -V2-lKSf*Y (4)-HPI )AE - (Vt +fKSX*Y CI)+HX 5*S*C0 
a .f (Y3+AKSSf~Y (7)+liP2)S*.O0*E)/DELTA
 
DEHY(&)Y(7)
 
DERY (7) =Y(8),

uERY (85= C V S*Y?)-P2)F:i..-fl0*C0)± C1 2 4AN5F*Y(4)411*J)*E 
RETURN 
ENDTi-
SUfRRCUTINE OLJTP CXXv 'DERYYTHLE 9 NOIHPRRNT) 
0 ffrENS EtO Y (S )YDERY (8)YFlRtT (5) 
C2OMM'ON XvX'IOT vPHI i FlI ITy PH-ilIN 
S VI YY2 vV3 yAJ AMt AKSX (-sISP AKSS v 
& AWvB0YtvD&vEvF TENflYHv 
NPRTQViY 2ylV3yLiNE 
TE (XX T. TEPD)-mPrH =±.-
IF (XX .LT.+TPRf*FLOAT (NPRT) ) RETURN­
L1NL:=LIiE+l 
WRAVE6y100) IilLFYXXi (Y(I)YTIUYO) 
XDUT z'( 2) 
PHIII:N=Y C : 
PH12iN-Y (6) 
PHI?=Y(7) 
Fi'-112t'T=Y (8) 
NPRr=NPRT+i 
IE(LINE.LT45) GO TO 200 
111(2 PHI2tIT HI21N vTv 
3TPRT vRB vDELTflY 
vVLvV2 
200 
S 
& 
R 
WR:ETE Ci100) TI-l fZ Y-..(Y(CI 9 S)vVi YV2 
LINE = 
'RIE FURN 
END 
FUNiCT"lION U(XXvG) 
COMMON X XDOT Fl-itt 1>11 T <'Hf MN 9P112 9 P1 ItTPI I21N 
V1 V2 vV3 YAN MT Y AKSX P AIKSFa AKSS 9A33 vTPR fTv RD vDELTA 
1flOY4yLYU~E"FTENEDPIY 
NPRTs'IY V2y1V3yL [NE. 
rv 
IF(XX.LT0O+) 00 TO 20 
20 
30 
00 TO 30 
IY=(XX/lIG)-0,5 
U=FLOATH(K') 
RE fURN 
END 
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/ Zt
 
Figure 9-1. Nonlinear spring characteristic for the
 
wire-cable torque of the digital ASPS.
 
linear characteristic of the ideal linear spring, it is expected that the
 
gross effect is some damping effedts on the system dynamics. The computer
 
simulation results show that there are no sustained oscillations as a result
 
of the nonlinear spring characteristics.
 
Figure 9-2 shows the transient responses of the x-dynamics of the digital
 
ASPS with feedback control as designed in the preceding chapters. A 12-bit
 
quantization is used. The initial value of x is 2x10 3 , and HWF is varied
 
from 0 to 0.008. Notice that wien H = 0, the springs are ideal, and the 
response of x is oscillatory. The initial overshoot of the x-dynamics responses
 
is due to the quantization effects. The final steady-state error of x when 
HWF = 0 is small with a non-zero mean, but the response is relatively slow. 
As shown in Fig. 9-2, when the value of HWF is increased, the time response 
becomes faster in reaching its st6ady state. In fact, when HWF = 0.0028, the 
response of x resembles that of a deadbeat response, and the steady-stati is
 
nearly zero. However, as the value of HWF increases further, the steady­
state error increases. When HWF = 0.008, the steady-state error is very
 
large, and the response-is also very slow.' Thus, the transient responses in
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Figure 9-2 clearly show that the nonlinear spring parameter HWF can b& used
 
to improve the x-dynamic response if the value of HWF can be controlled to
 
some extent.
 
9.3 Effects of the Nonlinear'Spring on the I and CP2 Dynamics
 
The computer simulation results show that the nonlinear spring has
 
little effects on the responses of the l and 2 dynamics. Since these two
 
response components are relatively fast, the above-mentioned results were
 
expected. However, different values of HWF did give slight difference on the
 
steady-state error of the responses. These error trajectories tend to have
 
zero mean as expected due to the effect of the integral feedback in the system.
 
Figures 9-3 and 9-4 show:the transient respo6ses of , and 2' respectively 
when HWF 0. Figures 9-6 and 9-7 illustrate the steady-state responses 
of l and p2 , respectively, as compared with the steady-state response of x 
shown in Figure 9-5.
 
Figures 9-8, 9-9 and 9-10 illustrate the time responses of x, and 42 
for HWF = 0.001. .When HWF = 0.0028 it was shown in Figure 9-2 that the x­
component has a deadbeat response. However, this value of HWF did not improve 
the , and (2 responses, as shown in Figures 9-11 and 9-12.
 
The conclusions on the investigations in this chapter is that the
 
nonlinear spring effect due to the wire-cables on the ASPS does not appreciably
 
harm the responses of the system. Except for the steady-state error when
 
the value of HWF is large, the transient responses are not much affected.
 
There would be no sustained oscillations generated due to the nonlinear
 
spring characteristic.
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Figure 
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Figure 
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